Chapter 2

lll Chapter 2

Probability and simulation



Chapter 2

Contents

2 Probability and simulation

21 Randomwvariable . ... ... ... . ... .. ... ... ... 1
2.2 Discrete random variables . . . . . .. ... . ... .. ... ... 4
2.2.1 Introductiontosimulation. . . ... ... ... ....... 7

222 Meanandvariance . . . . . . . ... .. e 10

2.3 Discrete distributions . . . . . ... ... . . o 18
2.3.1 Binomial distribution. . . . . ... .. ... ... .. .. .. 18

2.3.2 Hypergeometric distribution . . . ... ... ... ... .. 21

2.3.3 Poissondistribution . ... .. ... ... ... ... ... . 23

2.4 Continuous random variables . . . . . . .. ... ... ....... 27
241 Meanand Variance . . . . ... ... ... ... ... 29

2.5 Continuous distributions . . . . .. .. ... ... ... . ... 30
2.5.1 Uniform distribution . . . . ... ... ... ... ...... 30

2.5.2 Normal distribution . .. ... .. ... ... ... ..... 31

253 Log-Normal distribution. . . . .. ... .. ... ...... 38
254 Exponential distribution . . . . .. ... ... 0000 39

2.6 Simulation of random variables . . . . ... ... ... ... .... 42
2.7 Identities for the mean and variance . .. ... ... ........ 45
2.8 Covariance and correlation . . . ... ... ... ... ... .... 48
2.9 Independence of random variables . . . . . ... ... ... .... 51
2.10 Functions of normal random variables . . . . .. ... .. .. ... 56
2.10.1 The y>distribution . . . . . ... ... ... ... .. ... 57
2.10.2 The t-distribution . . . . . . . ... ... ... ... ... . 62
2.10.3 The F-distribution . ... .. ... ... ... ... ..... 69
Glossaries 73

Acronyms 74
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In this chapter elements from probability theory are introduced. These are
needed to form the basic mathematical description of randomness. For example
for calculating the probabilities of outcomes in various types of experimental or
observational study setups. Small illustrative examples, such as e.g. dice rolls
and lottery draws, and natural phenomena such as the waiting time between
radioactive decays are used as throughout. But the scope of probability theory
and it’s use in society, science and business, not least engineering endeavour,
goes way beyond these small examples. The theory is introduced together with
illustrative code examples, which the reader is encouraged to try and interact
with in parallel to reading the text. Many of these are of the learning type, cf.
the discussion of the way Python is used in the course in Section 1.5.

2.1 Random variable

The basic building blocks to describe random outcomes of an experiment are
introduced in this section. The definition of an experiment is quite broad. It can
be an experiment, which is carried out under controlled conditions e.g. in a
laboratory or flipping a coin, as well as an experiment in conditions which are
not controlled, where for example a process is observed e.g. observations of
the GNP or measurements taken with a space telescope. Hence, an experiment
can be thought of as any setting in which the outcome cannot be fully known.
This for example also includes measurement noise, which are random “errors”
related to the system used to observe with, maybe originating from noise in
electrical circuits or small turbulence around the sensor. Measurements will
always contain some noise.

First the sample space is defined:

Il Definition 2.1

The sample space S is the set of all possible outcomes of an experiment.

lll Example 2.2

Consider an experiment in which a person will throw two paper balls with the pur-
pose of hitting a wastebasket. All the possible outcomes forms the sample space of
this experiment as

S = {(miss,miss), (hit,miss), (miss hit), (hit hit) }. (2-1)
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Now a random variable can be defined:

|ll Definition 2.3

A random variable is a function which assigns a numerical value to each out-
come in the sample space. In this book random variables are denoted with
capital letters, e.g.

XY,.... (2-2)

lll Example 2.4

Continuing the paper ball example above, a random variable can be defined as the
number of hits, thus

X ((miss,miss)) =0, (2-3)
X ((hitmiss)) =1, (2-4)
X ((miss,hit)) =1, (2-5)

X ((hit hit)) = 2. (2-6)

In this case the random variable is a function which maps the sample space S to
positive integers, i.e. X : S — INo.

lll Remark 2.5

The random variable represents a value of the outcome before the experiment
is carried out. Usually the experiment is carried out n times and there are
random variables for each of them

{X;:1,2,...,n}. (2-7)

After the experiment has been carried out n times a set of values of the ran-
dom variable is available as

{x;:1,2,...,n}. (2-8)

Each value is called a realization or observation of the random variable and
is denoted with a small letter sub-scripted with an index i, as introduced in
Chapter 1.
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Finally, in order to quantify probability, a random variable is associated with
a probability distribution. The distribution can either be discrete or continuous
depending on the nature of the outcomes:

e Discrete outcomes can for example be: the outcome of a dice roll, the num-
ber of children per family, or the number of failures of a machine per year.
Hence some countable phenomena which can be represented by an inte-

ger.

e Continuous outcomes can for example by: the weight of the yearly har-
vest, the time spend on homework each week, or the electricity generation
per hour. Hence a phenomena which can be represented by a continuous
value.

Furthermore, the outcome can either be unlimited or limited. This is most obvi-
ous in the discrete case, e.g. a dice roll is limited to the values between 1 and 6.
However it is also often the case for continuous random variables, for example
many are non-negative (weights, distances, etc.) and proportions are limited to
a range between 0 and 1.

Conceptually there is no difference between the discrete and the continuous
case, however it is easier to distinguish since the formulas, which in the discrete
case are with sums, in the continuous case are with integrals. In the remaining
of this chapter, first the discrete case is presented and then the continuous.
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2.2 Discrete random variables

In this section discrete distributions and their properties are introduced. A dis-
crete random variable has discrete outcomes and follows a discrete distribution.

To exemplify, consider the outcome of one roll of a fair six-sided dice as the
random variable X", It has six possible outcomes, each with equal probability.
This is specified with the probability density function.

Il Definition 2.6  The pdf of a discrete random variable
For a discrete random variable X the probability density function (pdf) is
f(x) = P(X = ). 2:9)

It assigns a probability to every possible outcome value x.
A discrete pdf fulfils two properties: there are no negative probabilities for
any outcome value

f(x) >0 forall x, (2-10)

and the probabilities for all outcome values sum to one

Yo fx)=1. (2-11)

all x

lll Example 2.7

For the fair dice the pdfis

x |1 2 3 4 5 6
frow) |5 6 5 5 & 6

If the dice is not fair, maybe it has been modified to increase the probability of rolling
a six, the pdf could for example be

x |

Fxunaie () ‘

NI= N
Ni= W
ENEE RN
Ni= Ol

N =
NN O

where X" j5 a random variable representing the value of a roll with the unfair
dice.
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The pdfs are plotted: the left plot shows the pdf of a fair dice and the right plot the
pdf of an unfair dice:

o o
i i
© o
o o
—~ © O
= o — O
~— B
E %
Xt 5o
“—~ o vfi S
o
(e}
= =
[} (e}
Il Remark 2.8

Note that the pdfs has subscript with the symbol of the random variable to
which they belong. This is done when there is a need to distinguish between
pdfs e.g. for several random variables. For example if two random variables
X and Y are used in same context, then: fx(x) is the pdf for X and fy(x) for

Y, similarly the sample standard deviation sx is for X and sy is for Y, and so
forth.

The cumulated distribution function (cdf), or simply the distribution function, is of-
ten used.

Il Definition 2.9  The cdf of a discrete random variable

The cumulated distribution function (cdf) for the discrete case is the probability
of realizing an outcome below or equal to the value x

Fx)=P(X<x)= )Y flxp)= ) PX=x). (212

j where xjgx j where xjgx

The probability that the outcome of X is in a range is
P(a < X < b) = F(b) — F(a). (2-13)
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For the fair dice the probability of an outcome below or equal to 4 can be calcu-
lated

1 1 2
Fyuir(4) = Y fxme(Xj) = =+ -+ -+ - = 3 (2-14)

Il Example 2.10
For the fair dice the cdf is

x |
Fxfair (X) ‘

N =
N N
W W
[eNESETN
aNul U1
—_

The cdf for a fair dice is plotted in the left plot and the cdf for an unfair dice is plotted
in the right plot:
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2.2.1 Introduction to simulation

One nice thing about having computers available is that we try things in virtual
reality - this we can here use here to play around while learning how prob-
ability and statistics work. With the pdf defined an experiment can easily be
simulated, i.e. instead of carrying out the experiment in reality it is carried out
using a model on the computer. When the simulation includes generating ran-
dom numbers it is called a stochastic simulation. Such simulation tools are readily
available within Python, and it can be used for as well learning purposes as a
way to do large scale complex probabilistic and statistical computations. For
now it will be used in the first way.

lll Example 2.11  Simulation of rolling a dice

Let’s simulate the experiment of rolling a dice using the following

# Make a random draw from (1,2,3,4,5,6) with equal probability for each
np.random.choice(range(l, 7), size=1)

The simulation becomes more interesting when the experiment is repeated many
times, then we have a sample and can calculate the empirical density function (or em-
pirical pdf or density histogram, see Section 1.6.1) as a discrete histogram and actually
“see” the shape of the pdf

# Simulate a fair dice

# Number of simulated realizations

n = 30

# Draw independently from the set (1,2,3,4,5,6) with equal probability
xFair = np.random.choice(range(l, 7), size=n, replace=True)

# Count the number of each outcome using the bincount function
counts = np.bincount (xFair)

# Plot the pdf

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))
axl.bar(range(1,7), [1/6]*6, color=’red’)

# Plot the empirical pdf

axl.bar(range(1,7), counts[1:7]/n)

# Plot the cdf

ax2.bar(range(1,7), np.cumsum([1/6]*6), color=’red’)

# Add the empirical cdf

ax2.bar(range(1,7), np.cumsum(counts[1:7]/n))

outcome
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1.0
Em pdf 1.0 mmm cdf
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i\ Try simulating with different number of rolls n and describe how this affects
the accuracy of the empirical pdf compared to the pdf?

Now repeat this with the unfair dice

# Simulate an unfair dice

# Number of simulated realizations

n = 30

# Draw independently from the set (1,2,3,4,5,6) with higher
# probability for a six

probs = [1/7, 1/7, 1/7, 1/7, 1/7, 2/7]

xUnfair = np.random.choice(range(l, 7), size=n, replace=True, p=probs)
counts = np.bincount(xUnfair)

# Plot the pdf

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))
axl.bar(range(1,7), probs, color=’red’)

# Plot the empirical pdf

axl.bar(range(1,7), counts[1:7]/n)

# Plot the cdf

ax2.bar(range(1,7), np.cumsum(probs), color=’red’)

# Add the empirical cdf

ax2.bar(range(1,7), np.cumsum(counts[1:7]/n))
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Compare the fair and the unfair dice simulations:

é \ ‘ How did the empirical pdf change?

e By simply observing the empirical pdf can we be sure to distinguish be-
tween the fair and the unfair dice?

e‘ ‘ How does the number of rolls n affect how well we can distinguish the two
dices?

One reason to simulate becomes quite clear here: it would take considerably
more time to actually carry out these experiments. Furthermore, sometimes
calculating the theoretical properties of random variables (e.g. products of sev-
eral random variables etc.) are impossible and simulations can be a useful way
to obtain such results.

Random number sequences generated with software algorithms have the prop-
erties of real random numbers, e.g. they are independent, but are in fact de-
terministic sequences depending on a seed, which sets an initial value of the
sequence. Therefore they are named pseudo random numbers, since they behave
like and are used as random numbers in simulations, but are in fact determin-
istic sequences.
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lll Remark 2.12 Random numbers and seed in Python

In Python the initial values can be set with a single number called the seed as
demonstrated with the following Python code. As default the seed is created
from the time of start-up of a new instance of Python. A way to generate
truly (i.e. non-pseudo) random numbers can be to sample some physical
phenomena, for example atmospheric noise as done at www.random. org.

# The random numbers generated depends on the seed
# Set the seed
np.random.seed(127)

# Generate a (pseudo) random sequence
print (np.random.rand(10))

[0.524 0.040 0.186 0.773 0.552 0.086 0.441 0.716 0.671 0.473]

# Generate again and see that new numbers are generated
print (np.random.rand(10))

[0.906 0.105 0.175 0.089 0.650 0.071 0.460 0.907 0.094 0.633]

# Set the seed and the same numbers as before just after the
# seed was set are generated

np.random.seed (127)

print (np.random.rand(10))

[0.524 0.040 0.186 0.773 0.552 0.086 0.441 0.716 0.671 0.473]

2.2.2 Mean and variance

In Chapter 1 the sample mean and the sample variance were introduced. They
indicate respectively the centring and the spread of the observations in a sam-
ple. In this section the mean and variance are introduced. They are properties
of the distribution of a random variable, they are called population parameters.
The mean indicates where the distribution is centred. The variance indicates


www.random.org
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the spread of the distribution.

Mean and expected value

The mean () of a random variable is the population parameter which most sta-
tistical analysis focus on. It is formally defined as a function E(X): the expected
value of the random variable X.

Il Definition 2.13  Mean value

The mean of a discrete random variable X is

(o]

u=EX) =) xf(x), (2-15)

j=1

where x; is the value and f(x;) is the probability that X takes the outcome
value x;.

The mean is simply the weighted average over all possible outcome values,
weighted with the corresponding probability. As indicated in the definition
there might be infinitely many possible outcome values, hence, even if the total
sum of probabilities is one, then the probabilities must go sufficiently fast to
zero for increasing values of X in order for the sum to be defined.

lll Example 2.14

For the fair dice the mean is calculated by

; 1 1 1 1 1 1
i = fair = | — — — — — —_ =
]/lealr E(X ) 16+26+36+46+56+66 35,

for the unfair dice the mean is

, 1 1 1 1 1 2
o unfairy _ 1= = = - L 2 ~ 386
]/lxunfalr E(X ) 17+27+37+47+57+67 386

The mean of a random variable express the limiting value of an average of many
outcomes. If a fair dice is rolled a really high number of times the sample mean
of these will be very close to 3.5. For the statistical reasoning related to the use of
a sample mean as an estimate for y, the same property ensures that envisioning
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many sample means (with the same 1), a meta like thinking, then the mean of
such many repeated sample means will be close to p.

After an experiment has been carried out n times then the sample mean or average
can be calculated as previously defined in Chapter 1

Y . (2-16)

ﬁ:f:

S|

It is called a statistic, which means that it is calculated from a sample. Note the
use of a hat in the notation over y: this indicates that it is an estimate of the real
underlying mean.

Our intuition tells us that the estimate (f1) will be close to true underlying ex-
pectation (1) when n is large. This is indeed the case, to be more specific
E [% ZX,-] = u (when E[X;] = p), and we say that the average is a central

estimator for the expectation. The exact quantification of these qualitative state-
ments will be covered in Chapter 3.

Now play a little around with the mean and the sample mean with some simu-
lations.

lll Example 2.15 Simulate and estimate the mean

Carrying out the experiment more than one time an estimate of the mean, i.e. the
sample mean, can be calculated. Simulate rolling the fair dice

# Number of realizations

n = 30

# Simulate rolls with a fair dice

xFair = np.random.choice(range(l, 7), size=n, replace=True)
# Calculate the sample mean

xFair.sum()/n

np.float64(3.3333333333333335)

# or
xFair.mean()

np.float64(3.3333333333333335)

Let us see what happens with the sample mean of the unfair dice by simulating the
same number of rolls
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# Simulate an unfair dice

# n realizations

probs = [1/7, 1/7, 1/7, 1/7, 1/7, 2/7] # Higher probability for a six
xUnfair = np.random.choice(range(l, 7), size=n, replace=True, p=probs)
# Calculate the sample mean

xUnfair.mean()

np.float64(4.166666666666667)

i Consider the mean of the unfair dice and compare it to the mean of the fair
dice (see Example 2.14). Is this in accordance with your simulation results?

Let us again turn to how much we can “see” from the simulations and the impact
of the number of realizations 7 on the estimation. In statistics the term information is
used to refer to how much information is embedded in the data, and therefore how
accurate different properties (parameters) can be estimated from the data.

Repeat the simulations several times with n = 30. By simply comparing the
A sample means from a single simulation can it then be determined if the two
means really are different?

Repeat the simulations several times and increase n. What happens with to
A the “accuracy’ of the sample mean compared to the real mean? and thereby
how well it can be inferred if the sample means are different?

Does the information embedded in the data increase or decrease when 7 is
increased?

VN

Variance and standard deviation

The second most used population parameter is the variance (or standard devia-
tion). It is a measure describing the spread of the distribution, more specifically
the spread away from the mean.
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lll Definition 2.16  Variance

The variance of a discrete random variable X is

0> =V(X) = E[(X — p)?] = Y (xi — p)*f (x1), (2-17)

e

Il
iy

1

where x; is the outcome value and f(x;) is the pdf of the ith outcome value.
The standard deviation o is the square root of the variance.

The variance is the expected value (i.e. average (weighted by probabilities)) of
the squared distance between the outcome and the mean value.

ll Remark 2.17

Notice that the variance cannot be negative.

The standard deviation is measured on the same scale (same units) as the ran-
dom variable, which is not case for the variance. Therefore the standard de-
viation can much easier be interpreted, when communicating the spread of a
distribution.

v | Consider how the expected value is calculated in Equation (2-15). One
Q " | can think of the squared distance as a new random variable that has
an expected value which is the variance of X.

lll Example 2.18

The variance of rolls with the fair dice is

0_2 — E[(Xfair _ ‘quair)2}

yfair

1 1 1 1 1 1
— _ 2- _ 2= _ 2= _ 2= _ 2= _ 2
= (1-35)% +(2-35)2+(3-35° -+ (4-35)°- +(5-35)*- + (6 - 35)*2

_70
T 24
~ 2.92.

It was seen in Chapter 1, that after an experiment has been carried out n times
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the sample variance can be calculated as defined previously by

o L) @18)

2 =0%=

and hence thereby also sample standard deviation s.

Again our intuition tells us that the statistic (e.g. sample variance), should in
some sense converge to the true variance - this is indeed the case and the we
call the sample variance a central estimator for the true underlying variance.
This convergence will be quantified for a special case in Chapter 3.

The sample variance is calculated by:

., o Take the sample mean: ¥

\Q i o Take the distance for each sample: x; — ¥

e Finally, take the average of the squared distances (using n — 1 in
the denominator, see Chapter 1)

|l Example 2.19 Simulate and estimate the variance

Return to the simulations. First calculate the sample variance from n rolls of a fair
dice

# Simulate a fair dice and calculate the sample variance

# Number of realizations

n = 30

# Simulate

xFair = np.random.choice(range(1,7), size=n, replace=True)
# Calculate the distance for each sample to the sample mean
distances = xFair - xFair.mean()

# Calculate the average of the squared distances
sum(distances**2)/(n-1)

np.float64(2.791954022988505)

# Or use the built in function
xFair.var(ddof=1)

np.float64(2.7919540229885054)
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Let us then try to play with variance in the dice example. Let us now consider a
four-sided dice. The pdf is

X 1 2 3 4
PxfairFour (x) | 411 411 % 411

Plot the pdf for both the six-sided dice and the four-sided dice

# Plot the pdf of the six-sided dice and the four-sided dice
fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))
axl.bar(range(1, 7), [1/6] * 6, color=’red’)
ax2.bar(range(1, 5), [1/4] * 4, color=’blue’)
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# Calculate the means and variances of the dices
# The means

muXSixsided = np.sum(np.array([1,2,3,4,5,6])*1/6)
muXFoursided = np.sum(np.array([1,2,3,4])*1/4)

# The variances
print (np.sum((np.array([1,2,3,4,5,6]) - muXSixsided)**2 * 1/6))

2.916666666666667

print(np.sum((np.array([1,2,3,4]) - muXFoursided)**2 * 1/4))

1.25
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| i Which dice outcome has the highest variance? is that as you had antici-
pated?
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2.3 Discrete distributions

In this section the discrete distributions included in the material are presented.
See the overview of all distributions in the collection of formulas Section A.2.1.

In the Python library Scipy, implementations of many different distributions are
available. For each distribution at least the following is available

The pdf is available by using ’.pmf () ?, e.g. for the binomial distribution
scipy.stats.binom.pmf () (use ’.pmf ()’ for discrete cases and ’>.pdf ()’
for continuous cases)

The cdf is available by using > .cdf () ’, e.g. scipy.stats.binom. cdf ()

The quantiles by using ’.ppf () ’, e.g. scipy.stats.binom.ppf ()

Examples of these functions are demonstrated below in this section for the dis-
crete and later for the continuous distributions, see them demonstrated for the
normal distribution in Example 2.45.

2.3.1 Binomial distribution

The binomial distribution is a very important discrete distribution and appears
in many applications, it is presented in this section. In statistics it is typically
used for proportions as explained in Chapter 7.

If an experiment has two possible outcomes (e.g. failure or success, no or yes, 0
or 1) and is repeated more than one time, then the number of successes may be
binomial distributed. For example the number of heads obtained after a certain
number of flips with a coin. Each repetition must be independent. In relation to
random sampling this corresponds to successive draws with replacement (think
of drawing notes from a hat, where after each draw the note is put back again,
i.e. the drawn number is replaced again).

Random number generation by using > .rvs() ’, e.g. scipy.stats.binom.rvs ()
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ll Definition 2.20  Binomial distribution

Let the random variable X be binomial distributed
X ~ B(n,p), (2-19)

where 1 is number of independent draws and p is the probability of a suc-
cess in each draw.
The binomial pdf describes probability of obtaining x successes

fmp) = Px=2 = (Dra-pr 0
where
n n!
S — 2-21
(x> x!(n—x)! (2-21)
is the number of distinct sets of x elements which can be chosen from a set
of n elements. Remember thatn! =n-(n—1)-...-2-1.

ll Theorem 2.21  Mean and variance

The mean of a binomial distributed random variable is
i =np, (2-22)
and the variance is

o = np(1—p). (2-23)

Actually this can be proved by calculating the mean using Definition 2.13 and
the variance using Definition 2.16.
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lll Example 2.22 Simulation with a binomial distribution

The binomial distribution for 10 flips with a coin describe probabilities of getting x
heads (or equivalently tails)

# Simulate a binomial distributed experiment

# Number of flips

nFlips = 10

# The possible outcomes are (0,1,...,nFlips)

xSeq = list(range(0,nFlips))

# Use the binom.pmf() function which returns the pdf
pdfSeq = stats.binom.pmf(xSeq, nFlips, 0.5)

# Plot the density

plt.bar(xSeq, pdfSeq, color=’black’, width=0.1)

1.0

0.8 A

0.6 A

Density

0.4 1

0.2 1

0.0 =

——
—
D ee—



Chapter 2 |||| 2.3 DISCRETE DISTRIBUTIONS 21

lll Example 2.23 Simulate 30 successive dice rolls

In the previous examples successive rolls of a dice was simulated. If a random vari-
able which counts the number of sixes obtained X5 is defined, it follows a binomial
distribution

# Simulate 30 successive dice rolls
Xfair = np.random.choice(range(1,7), size=30, replace=True)

# Count the number sixes obtained
sum(Xfair==6)

np.int64(5)

# This is equivalent to
stats.binom.rvs(n=30, p=1/6)

2.3.2 Hypergeometric distribution

The hypergeometric distribution describes number of successes from successive
draws without replacement.
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| Definition 2.24 Hypergeometric distribution

Let the random variable X be the number of successes in n draws without
replacement. Then X follows the hypergeometric distribution

X ~ H(n,a,N), (2-24)

where a is the number of successes in the N elements large population. The
probability of obtaining x successes is described by the hypergeometric pdf

. _ R €9 G
f(x;n,a,N) = P(X=1x) = T (2-25)

The notation

a al
<b) " b(a—Db) (2-26)

represents the number of distinct sets of b elements which can be chosen
from a set of a elements.

lll Theorem 2.25 Mean and variance

The mean of a hypergeometric distributed random variable is
w=n~, (2-27)
and the variance is

2 =n : (2-28)

|l Example 2.26 Lottery probabilities using the hypergeometric dis-
tribution

A lottery drawing is a good example where the hypergeometric distribution can be
applied. The numbers from 1 to 90 are put in a bowl and randomly drawn without
replacement (i.e. without putting back the number when it has been drawn). Say
that you have the sheet with 8 numbers and want to calculate the probability of
getting all 8 numbers in 25 draws.
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+*+

The probability of getting x numbers of the sheet in 25 drawings

# Number of successes in the population

a=38

# Size of the population

N = 90

# Number of draws

n = 25

# Plot the pdf, note: parameters names are different in the python-function (here using

plt.bar(np.arange(0,9), stats.hypergeom.pnf (np.arange(0,9), N, a, n), color=’black’, w
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2.3.3 Poisson distribution

Density

(o) |
~
(o0}

The Poisson distribution describes the probability of a given number of events
occurring in a fixed interval if these events occur with a known average rate
and independently of the distance to the last event. Often it is events in a time
interval, but can as well be counts in other intervals, e.g. of distance, area or
volume. In statistics the Poisson distribution is usually applied for analyzing
for example counts of: arrivals, traffic, failures and breakdowns.
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|l Definition 2.27 Poisson distribution

Let the random variable X be Poisson distributed
X ~ Po(A), (2-29)
where A is the rate (or intensity): the average number of events per interval.
The Poisson pdf describes the probability of x events in an interval
X

flxA) = %e—A. (2-30)

Il Theorem 2.28 Mean and variance

A Poisson distributed random variable X has exactly the rate A as the mean
n=A, (2-31)
and variance

2= ). (2-32)

Q
I

lll Example 2.29

The Poisson distribution is typically used to describe phenomena such as:

e the number radioactive particle decays per time interval, i.e. the number of
clicks per time interval of a Geiger counter

e calls to a call center per time interval (A does vary over the day)

e number of mutations in a given stretch of DNA after a certain amount of radi-
ation

e goals scored in a soccer match

One important feature is that the rate can be scaled, such that probabilities of
occurrences in other interval lengths can be calculated. Usually the rate is de-
noted with the interval length, for example the hourly rate is denoted as AP°ur
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and can be scaled to the minutely rate by

)\hour

Aminute — , 2-33

such the probabilities of x events per minute can be calculated with the Poisson
pdf with rate Ammnute,

|l Example 2.30 Rate scaling

You are enjoying a soccer match. Assuming that the scoring of goals per match in
the league is Poisson distributed and on average 3.4 goals are scored per match.
Calculate the probability that no goals will be scored while you leave the match for
10 minutes.

Let A%0minutes — 3 4 be goals per match and scale this to the 10 minute rate by

A9Ominutes 3.4

AlOminutes = 2-34
9 9 ( )

Let X be the number of goals in 10 minute intervals and use this to calculate the
probability of no events a 10 minute interval by

P(X = 0) = f(0, A10minutes) ~ 0,685, (2-35)
which was found with the following code

# Probability of no goals in 10 minutes

# The Poisson pdf (using poisson.pmf() function)
stats.poisson.pmf (0, 3.4/9)

np.float64(0.6853827910309876)
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lll Example 2.31 Poisson distributed random variable

Simulate a Poisson distributed random variable to see the Poisson distribution
# Simulate a Poisson random variable

# The mean rate of events per interval

lamb = 4

# Number of realizations

n = 1000

# Simulate

X = stats.poisson.rvs(lamb, size=n)

# Plot the empirical pdf

values, counts = np.unique(x, return_counts=True)

plt.bar(values, counts/n, color=’black’, width=0.2, label=’Empirical pdf’)
# Add the pdf to the plot

plt.bar(values, stats.poisson.pmf(values, lamb), color=’red’, width=0.05, label=’pdf’)
plt.show()
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2.4 Continuous random variables

If an outcome of an experiment takes a continuous value, for example: a dis-
tance, a temperature, a weight, etc., then it is represented by a continuous ran-
dom variable.

ll Definition 2.32 Density and probabilities

The pdf of a continuous random variable X is a non-negative function for all
possible outcomes

f(x) > 0forall x, (2-36)
and has an area below the function of one

/Ozof(x)dx =1. (2-37)

It defines the probability of observing an outcome in the range from a to b
by

P(a < X <b) = / ! Fx)dx. (2-38)

For the discrete case the probability of observing an outcome x is equal to the
pdf of x, but this is not the case for a continuous random variable, where

P(X=x)=P(x < X <x) = /xf(u)du —0, (2-39)

i.e. the probability for a continuous random variable to be realized at a single
number P(X = x) is zero.

The plot in Figure 2.1 shows how the area below the pdf represents the proba-
bility of observing an outcome in a range. Note that the normal distribution is
used here for the examples, it is introduced in Section 2.5.2.
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Figure 2.1: The probability of observing the outcome of X in the range between
a and b is the area below the pdf spanning the range, as illustrated with the
coloured area.

Il Definition 2.33  Distribution

The cdf of a continuous variable is defined by

F(x) = P(X < x) = /_x Fu)du, (2-40)

and has the properties (in both the discrete and continuous case): the cdf is
non-decreasing and

lim F(x) =0and lim F(x) = 1. (2-41)

X— —00 X—»00

The relation between the cdf and the pdf is
b
P(a < X < b) = F(b) — F(a) = / F(x)dx, (2-42)
a

as illustrated in Figures 2.1 and 2.2.

Also as the cdf is defined as the integral of the pdf, the pdf becomes the derivative
of the cdf

F(x) = - F(x) 2-43)
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0.8
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Figure 2.2: The probability of observing the outcome of X in the range between
a and b is the distance between F(a) and F(b).

2.4.1 Mean and Variance

Il Definition 2.34 Mean and variance

For a continuous random variable the mean or expected value is

= /_ Z xf (x)dx, (2-44)

hence similar as for the discrete case the outcome is weighted with the pdf.
The variance is

P =E[(X - = [ (x—pPf(x)dx, (2-45)

The differences between the discrete and the continuous case can be summed
up in two points:

e In the continuous case integrals are used, in the discrete case sums are
used.

¢ In the continuous case the probability of observing a single value is always
zero. In the discrete case it can be positive or zero.
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2.5 Continuous distributions

2.5.1 Uniform distribution

A random variable following the uniform distribution has equal density at any
value within a defined range.

|l Definition 2.35 Uniform distribution

Let X be a uniform distributed random variable
X ~Ux,p), (2-46)

where « and B defines the range of possible outcomes. It has the pdf

- forx € [w, f]
= { Po ' 2-47
X :
f) {0 otherwise (2-47)
The uniform cdf is
0 forx <ua
F(x) = p=s forxe [a, B) . (2-48)
1 forx > B

In Figure 2.3 the uniform pdf and cdf are plotted.

ll Theorem 2.36 Mean and variance of the uniform distribution

The mean of a uniform distributed random variable X is
1
H= 5(“ + B), (2-49)
and the variance is

o= —(B—a)% (2-50)




Chapter 2 ||| 2.5 CONTINUOUS DISTRIBUTIONS 31

. Pla <X <D)
TR : /
= L =
S~ .
o
\ \ \ \ \ \ \ \
o a b B o a b B
X X

Figure 2.3: The uniform distribution pdf and cdf.

2.5.2 Normal distribution

The most famous continuous distribution is the normal distribution for many
reasons. Often it is also called the Gaussian distribution. The normal distribu-
tion appears naturally for many phenomena and is therefore used in extremely
many applications, which will be apparent in later chapters of the book.

Il Definition 2.37  Normal distribution

Let X be a normal distributed random variable
X ~ N(u,0?), (2-51)

where 1 is the mean and ¢? is the variance (remember that the standard
deviation is ¢). Note that the two parameters are actually the mean and
variance of X.

It follows the normal pdf

1 (x—p)?

X) = e 2?2, 2-52
fl) = —— 25
and the normal cdf
1 X 7(11—;1)2
F(x) = / e 22 du. (2-53)
OV27m J—co
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lll Theorem 2.38 Mean and variance

The mean of a Normal distributed random variable is

U, (2-54)
and the variance is

o’ (2-55)

Hence simply the two parameters defining the distribution.

I Example 2.39 The normal pdf

Example: Let us play with the normal pdf

# Play with the normal distribution

# The mean and standard deviation

muX = 0

sigmaX = 1

# A sequence of x values

xSeq = np.arange(-6, 6.1, 0.1)

##

pdfX = 1/(sigmaX*np.sqrt(2*np.pi)) * np.exp(-(xSeq-muX)**2/(2*sigmaX**2))
# Plot the pdf

plt.plot(xSeq, pdfX)

plt.ylabel(Pf(x)?)

0.4

0.0 A
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i Try with different values of the mean and standard deviation. Describe how
this change the position and spread of the pdf?

Il Theorem 2.40 Linear combinations of normal random variables

Let Xj,..., X, be independent normal random variables, then any linear
combination of X3, ..., X,, will follow a normal distribution, with mean and
variance given in Theorem 2.56.

Use the mean and variance identities introduced in Section 2.7 to find the mean
and variance of the linear combination as exemplified here:

lll Example 2.41

Consider two normal distributed random variables
X1 ~ N(ux,,0%,) and Xz ~ N(ux,, 0%,)- (2-56)
The difference
Y =X; — Xp, (2-57)

is normal distributed

Y ~ N(py, o), (2-58)
where the mean is

Wy = px, — BXy (2-59)
and

oy = 0%, + 0%,/ (2-60)

where the mean and variance identities introduced in Section 2.7 have been used.

Standard normal distribution
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| Definition 2.42 Standard normal distribution

The standard normal distribution is the normal distribution with zero mean
and unit variance

Z ~ N(0,1), (2-61)

where Z is the standardized normal random variable.

Historically before the widespread use of computers the standardized random
variables were used a lot, since it was not possible to easily evaluate the pdf and
cdf, instead they were looked up in tables for the standardized distributions.
This was smart since transformation into standardized distributions requires
only a few simple operations.

lll Theorem2.43 Transformation to the standardized normal random
variable

A normal distributed random variable X can be transformed into a stan-
dardized normal random variable by

(2-62)

lll Example 2.44 Quantiles in the standard normal distribution
The most used quantiles (or percentiles) in the standard normal distribution are

Percentile 10/0 2.50/0 50/0 250/0 75(% 950/0 97.5(% 990/0
Quantile 0.01 0.025 005 025 075 095 0975 0.99
Value 233 -196 -1.64 -067 067 164 196 233

Note that the values can be considered as standard deviations (i.e. for Z the stan-
dardized normal then oz = 1), which holds for any normal distribution.

The most used quantiles are marked on the plot
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Note that the units on the x-axis is in standard deviations.

Normal pdf details
In order to get insight into how the normal distribution is formed consider the
following steps. In Figure 2.4 the result of each step is plotted:

1. Take the distance to the mean: x — u

2. Square the distance: (x — p)?

—(x—p)?
(202)

3. Make it negative and scale it:

)2

4. Take the exponential: e (7%

—(x—

5. Finally, scale it to have an area of one: ——e¢ ()

oV2mr
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—— Step3
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Figure 2.4: The steps involved in calculating the normal distribution pdf.

lll Example 2.45 Python functions for the normal distribution

In Python functions to generate values from many distributions are implemented.
For the normal distribution the following functions are available:
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# Do it for a sequence of x values
xSeq = np.arange(-3, 4)

# The pdf

stats.norm.pdf (xSeq, 0, 1)

array([0.004, 0.054, 0.242, 0.399, 0.242, 0.054, 0.004])

# The cdf
stats.norm.cdf (xSeq, 0, 1)

array([0.001, 0.023, 0.159, 0.500, 0.841, 0.977, 0.999])

# The quantiles
stats.norm.ppf ([0.01,0.025,0.05,0.5,0.95,0.975,0.99], 0, 1)

array([-2.326, -1.960, -1.645, 0.000, 1.645, 1.960, 2.326])

# Generate random normal distributed realizations
stats.norm.rvs(0, 1, size=10)

array([-1.043, 0.050, -0.592, -0.840, 0.460, 0.150, 0.021, -1.221,
-0.638, -1.024])

# Calculate the probability that the outcome of X is between a and b
a=0.2

b =0.8

stats.norm.cdf (b, 0, 1) - stats.norm.cdf(a, 0, 1)

np.float64(0.20888489197750038)

# See more details in online documentation for scipy.stats.norm

ﬁ Use the functions to make a plot of the normal pdf with marks of the
2.5%, 5%, 95%, 97.5% quantiles.
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Make a plot of the normal pdf and a histogram (empirical pdf) of 100 simu-
lated realizations.

2.5.3 Log-Normal distribution

If a random variable is log-normal distributed then its logarithm is normally
distributed.

Il Definition 2.46  Log-Normal distribution
A log-normal distributed random variable
X ~ LN(a, %), (2-63)

where « is the mean and B is the variance of the normal distribution ob-
tained when taking the natural logarithm to X.
The log-normal pdf is

1 (Inx—a)

x\/ﬁﬁ

fx) = e . (2-64)

lll Theorem 2.47 Mean and variance of log-normal distribution
Mean of the log-normal distribution

= ethr2, (2-65)
and variance

02 = 24P (P — 1), (2-66)

The log-normal distribution occurs in many fields, in particular: biology, fi-
nance and many technical applications.
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2.5.4 Exponential distribution

The usual application of the exponential distribution is for describing the length
(usually time) between events which, when counted, follows a Poisson distri-
bution, see Section 2.3.3. Hence the length between events which occur contin-
uously and independently at a constant average rate.

ll Definition 2.48 Exponential distribution

Let X be an exponential distributed random variable
X ~ Exp(A), (2-67)

where A is the average rate of events.

It follows the exponential pdf

Ae ™ forx >0
x) = - . 2-68
f( ) {O forx <0 ( )

lll Theorem 2.49 Mean and variance of exponential distribution

Mean of an exponential distribution is

1
= — 2—
n= (2-69)
and the variance is

02 = . (2-70)
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lll Example 2.50 Exponential distributed time intervals

Simulate a so-called Poisson process, which has exponential distributed time inter-
val between events

# Simulate exponential waiting times

# The rate parameter: events per time

lamb = 4

# Number of realizations

n = 1000

# Simulate

wait_times = stats.expon.rvs(loc=0, scale=1/lamb, size=n)
# The empirical pdf

plt.hist(wait_times, density=True)

# Add the pdf to the plot

x = np.arange(0,1.4,0.01)

plt.plot(x, stats.expon.pdf(x, loc=0, scale=1/lamb), color=’red’)
plt.show()

0.0 0.5 1.0 1.5

Furthermore check that by counting the events in fixed length intervals that they
follow a Poisson distribution.
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# Check the relation to the Poisson distribution
# by counting the events in each interval

# Sum up to get the running time

running_times = np.cumsum(wait_times)

# Use the hist function to count in intervals between the breaks,

# here 0,1,2,...

counts, bin_edges = np.histogram(running_times, bins=np.arange(np.ceil(running_times.ma
plt.bar(np.arange(len(np.bincount (counts))), np.bincount(counts)/len(counts), color=’bl

# Add the Poisson pdf to the plot
poisson_pmf = stats.poisson.pmf (np.arange(0, 16), lamb)
plt.bar (np.arange(0, 16), poisson_pmf, color=’red’, width=0.1, label=’pdf’)

0.20 - EEl Empirical pdf
Em pdf
0.15 A
=
k)
 0.10 -
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Figure 2.5: Exponential distributed time intervals between events forms a so-
called Poisson process.

2.6 Simulation of random variables

The basic concept of simulation was introduced in Section 2.2.1 and we have al-
ready applied the in-built functions in Python for generating random numbers
from any implemented distribution, see how in Section 2.3.1. In this section it
is explained how realizations of a random variable can be generated from any
probability distribution — it is the same technique for both discrete and contin-
uous distributions.

Basically, a computer obviously cannot create a result/number, which is ran-
dom. A computer can give an output as a function of an input. (Pseudo) ran-
dom numbers from a computer are generated from a specially designed algo-
rithm - called a random number generator, which once started can make the
number x;,1 from the number x;. The algorithm is designed in such a way that
when looking at a sequence of these values, in practice one cannot tell the dif-
ference between them and a sequence of real random numbers. The algorithm
needs a start input, called the “seed”, as explained above Remark 2.12. Usually,
you can manage just fine without having to worry about the seed issue since
the program itself finds out how to handle it appropriately. Only if you want to
be able to recreate exactly the same results you need to set seed value.

Actually, a basic random number generator typically generates (pseudo) ran-
dom numbers between 0 and 1 in the sense that numbers in practice follow the
uniform distribution on the interval 0 to 1, see Section 2.35. Actually, there is a
simple way how to come from the uniform distribution to any kind of distribu-
tion:
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lll Theorem 2.51

If U ~ Uniform(0,1) and F is a distribution function for any probability
distribution, then F~1(U) follow the distribution given by F

Recall, that the distribution function F in Python is given by the >.cdf ()’ ver-
sions of the distributions, while F~! is given by the ’ .ppf ()’ versions.

lll Example 2.52 Random numbers in Python

We can generate 100 normally distributed N(2,3%) numbers similarly the following
two ways:

# Generate 100 normal distributed values

random_numbers = stats.norm.rvs(loc=2, scale=3, size=100)

# Similarly, generate 100 uniform distributed values from O to 1 and
# # put them through the inverse normal cdf

uniform_random_numbers = stats.uniform.rvs(loc=0, scale=1, size=100)
stats.norm.ppf (uniform_random_numbers, loc=2, scale=3)

|l Example 2.53 Simulating the exponential distribution

Consider the exponential distribution with A = 1/8 = 1/2, that is, with density
function

fx) = re™,
for x > 0 and 0 otherwise. The distribution function is
F(x) = /0 " F(B)dt =1 - e05%,
The inverse of this distribution function can be found by solving
u=1-e%" o x=—2log(1—u).

So if random numbers U ~ Uniform(0,1) then —21log(1 — U) follows the exponen-
tial distribution with A = 1/2 (and = 2). We confirm this in the code given below:
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# Three equivalent ways of simulating the exponential distribution
# with lambda=1/2

rel = -2*np.log(l-stats.uniform.rvs(loc=0, scale=1, size=10000))
re2 = stats.expon.ppf(stats.uniform.rvs(loc=0, scale=1, size=10000), loc=0, scale=2)
re3 = stats.expon.rvs(loc=0, scale=2, size=10000)

# Check the means and variances of each
print(rel.mean(), re2.mean(), re2.mean())

2.0039553521283056 1.9948804494574823 1.9948804494574823

print(rel.var(), re2.var(), re2.var())

3.89520722053301 3.7967058951210935 3.7967058951210935

This can be illustrated by plotting the distribution function (cdf) for the exponential
distribution with A = 1/2 and 5 random outcomes

Uniform outcomes
4

Exponential outcomes

But since Python has already done all this for us, we do not really need this
as long as we only use distributions that have already been implemented in
Python.
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2.7 ldentities for the mean and variance

Rules for calculation of the mean and variance of linear combinations of in-
dependent random variables are introduced here. They are valid for both the
discrete and continuous case.

lll Theorem 2.54 Mean and variance of linear functions

LetY = aX + b then
E(Y) = E(aX +b) = aE(X) + b, (2-71)
and

V(Y) = V(aX +b) = a®> V(X). (2-72)

Random variables are often scaled (i.e. aX) for example when shifting units:

lll Example 2.55

The mean of a bike shops sale is 100 bikes per month and varies with a standard
deviation of 15. They earn 200 Euros per bike. What is the mean and standard
deviation of their earnings per month?

Let X be the number of bikes sold per month. On average they sell x = 100 bikes
per month and it varies with a variance of 0% = 225. The shops monthly earnings

Y = 200X,
has then a mean and standard deviation of
uy = E(Y) = E(200X) = 200 E(X) = 200 - 100 = 20000 Euro/month,
oy = /V(Y) = {/V(200X) = /2002 V(X) = V40000 - 225 = 3000 Euro/month.
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ll Theorem 2.56 Mean and variance of linear combinations

The mean of a linear combination of independent random variables is

E(a X1 +a:Xo + - +a,Xy) = E(Xq) + 22 E(Xp) + - - - +a, E(X;),
(2-73)

and the variance

V(o Xy +apXo + - +a,X,) = a3 V(Xq) + a3 V(Xo) + - - - + a2 V(Xy).
(2-74)

Il Example 2.57

Lets take a dice example to emphasize an important point. Let X; represent the
outcome of a roll with a dice with mean px and standard deviation oy.

Now, consider a scaling of a single roll with a dice, say five times
ysale = 5x;,
then the mean will scale linearly
E(Y*@) = E(5X;) = 5E(Xy) = 5 px,
and the standard deviation also scales linearly

Ooeae = V(5X1) =52 V(Xq) =5%0% < Oysale = 50x.

Whereas for a sum of five rolls
YSUM = X + Xo + X3+ Xy + X,
the mean will similarly scale linearly
E(Y"™) = E(X1 + Xo + X3 + X4 + Xs)
= B(X1) + E(X2) + E(X3) + E(Xy) + E(X5)
=Spux,
however the standard deviation will increase only with the square root
0’12/sum = V(X1 + Xo + X5+ Xy + X5)
=V(X1) + V(X2) + V(X3) + V(X4) + V(X5)
=50% &
(TYsum — \/EO'X.
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This is simply because when applying the sum to many random outcomes, then
the high and low outcomes will even out each other, such that the variance will be
smaller for a sum than for a scaling.
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2.8 Covariance and correlation

In this chapter we have discussed mean and variance (or standard deviation),
and the relation to the sample mean and sample variance, see Section 2.2.2. In
Chapter 1 Section 1.4.3 we discussed the sample covariance and sample correla-
tion, these two measures also have theoretical justification, namely covariance
and correlation, which we will discuss in this section. We start by the definition
of covariance.

Il Definition 2.58 Covariance

Let X and Y be two random variables, then the covariance between X and
Y, is

Cov(X,Y) = E[(X — E[X])(Y — E[Y])]. (2-75)

lll Remark 2.59

It follows immediately from the definition that Cov(X,X) = V(X) and
Cov(X,Y) = Cov(Y, X).

An important concept in statistics is independence (see Section 2.9 for a formal
definition). We often assume that realizations (random variables) are indepen-
dent. If two random variables are independent then their covariance will be
zero, the reverse is however not necessarily true (see also the discussion on
sample correlation in Section 1.4.3).

The following calculation rule apply to covariance between two random vari-
ables X and Y:

ll Theorem 2.60 Covariance between linear combinations

Let X and Y be two random variables, then

Cov(ag + a1 X +aY, b+ 01 X+ 1Y) = a1by V(X) + axb; V(Y) + (a1by + llzbl) COV(X, Y).
(2-76)
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Il Proof

LetZ1 =ay+m X +a)Y and Zy = by + b1 X + byY then

Cov(Z1,22) = E[(a1(X — E[X]) + ax(Y — E[Y])) (b1 (X — E[X]) + b2 (Y — E[Y]))]
= Blay (X — E[X])b1 (X — B[X])] + E[a1 (X — E[X])b2 (Y — E[Y])]+
Elay (Y — E[Y])b1 (X — E[X])] + Elaa(Y — E[Y])ba2(Y — E[Y])]
= 1101 V(X) + a2ba V(Y) + (a1by + axby) Cov (X, Y). (2-77)

lll Example 2.61

Let X ~ N(3,2%) and Y ~ N(2,1) and the covariance between X and Y given by
Cov(X,Y) = 1. What is the variance of the random variable Z = 2X — Y?

V(Z) = Cov[2X = Y,2X — Y] =22 V(X) + V(Y) —4Cov(X,Y)
=222 +1-4=13.

We have already seen in Section 1.4.3 that the sample correlation measures the
observed degree of linear dependence between two random variables — calcu-
lated from samples observed on the same observational unit e.g. height and
weight of people. The theoretical counterpart is the correlation between two
random variables — the true linear dependence between the two variables:

lll Definition 2.62 Correlation

Let X and Y be two random variables with V(X) = o3, V(Y) = ¢y, and
Cov(X,Y) = 0y, then the correlation between X and Y is

Py = oo (2-78)

lll Remark 2.63

The correlation is a number between -1 and 1.
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lll Example 2.64

Let X ~ N(1,22) and € ~ N(0,0.5?) be independent random variables, find the
correlation between X and Z = X + €.

The variance of Z is
V(Z) =V(X+e€)=V(X)+V(e) =4+0.25=4.25.
The covariance between X and Z is
Cov(X,Z) =Cov(X,X+¢€)=V(X) =4,
and hence

=0.97.

4
Pz = /25 .4
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2.9 Independence of random variables

In statistics the concept of independence is very important, and in order to

give a formal definition of independence we will need the definition of two-
dimensional random variables. The probability density function of a two-dimensional
discrete random variable, called the joint probability density function, is,

Il Definition2.65  Joint pdf of two-dimensional discrete random vari-
ables
The pdf of a two-dimensional discrete random variable [X, Y] is
flx,y) =P(X=xY=y), (2-79)
with the properties
f(x,y) > 0forall (x,y), (2-80)
Y floy) =1 (2-81)
all xally
ll Remark 2.66

P(X = x,Y = y) should be read: the probability of X = xand Y = y.

lll Example 2.67

Imagine two throws with an fair coin: the possible outcome of each throw is either
head or tail, which will be given the values 0 and 1 respectively. The complete set of
outcomes is (0,0), (0,1), (1,0), and (1,1) each with probability 1/4. And hence the pdf
is

froy) =3 x={01hy=1{01),

further we see that
1

1 1
YN fry) = Y (f(x,0) + f(x,1)) = £(0,0) + £(0,1) + £(1,0) + f(1,1)

x=0y=0 x=0
=1.
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The formal definition of independence for a two dimensional discrete random
variable is:

|l Definition 2.68 Independence of discrete random variables

Two discrete random variables X and Y are said to be independent if and
only if

P(X=xY=y) = P(X=x)P(Y =y). (2-82)

lll Example 2.69

Example 2.67 is an example of two independent random variables, to see this write
the probabilities

1

P(X=0)= Y f(0,) =

y=0

1
PX=1)=Y f(Ly)=».
y=0

7

N =

similarly P(Y = 0) = J and P(Y = 1) = 3, now we see that P(X = x)P(Y = y) =
for all possible x and y, and hence

RN

1

PX=x)P(Y=y) = PX=x,Y=y) = i

lll Example 2.70

Now imagine that for the second throw we don’t see the outcome of Y, but only
observe the sum of X and Y, denote it by

Z=X+Y.

Lets find out if X and Z are independent. In this case the for all outcomes (0,0),
(0,1), (1,1), (1,2) the joint pdf is

P(X=0,Z=0)=P(X=0,Z=1)=P(X=1,Z=1) =P(X=1,Z2=2) = -.

The pdf for each variable is: for X
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and for Z

P(Z=0) = P(Z=2) = i and P(Z=1) = =
thus for example for the particular outcome (0,0)

P(X=0)P(Z=0) = ; = % " i — P(X=0,Z=0),

the pdfs are not equal and hence we see that X and Z are not independent.

|l Remark 2.71

In the example above it is quite clear that X and Z cannot be independent.
In real applications we do not know exactly how the outcomes are realized
and therefore we will need to assume independence (or test it).

To be able to define independence of continuous random variables, we will need
the pdf of a two-dimensional random variable:

lll Definition 2.72  Pdf of two dimensional continous random vari-
ables

The pdf of a two-dimensional continous random variable [X, Y] is a function
f(x,y) from R? into R+ with the properties

f(x,y) > 0forall (x,y), (2-83)
//f(x,y)dxdy = 1. (2-84)

Just as for one-dimensional random variables the probability interpretation is
in form of integrals

P((X,Y) € A) = /A F(x,y)dxdy, (2-85)

where A is an area.




Chapter 2 ||| 2.9 INDEPENDENCE OF RANDOM VARIABLES 54

lll Example 2.73  Bivariate normal distribution

The most important two-dimensional distribution is the bivariate normal distribu-

tion
U ™ )
f(xll xZ) e 2 " I3
274/ |2
1 _ ogp (g =y P oy (v —g) =209 (v —ig) (xp i)
— e 2(1711172271712) ,
27/ 11020 — 0%,
where x = (x1,x2), and p = [E(X1),E(X2)], and X is the so-called variance-

covariance matrix with elements (X);; = 0;; = Cov(X;, X;), note that 01, = 071,
| - | is the determinant, and £ ! is the inverse of X.

Il Definition 2.74 Independence of continous random variables

Two continous random variables X and Y are said to be independent if

fxy) = f(X)f(y)- (2-86)

We list here some properties of independent random variables.

lll Theorem 2.75 Properties of independent random variables

If X and Y are independent then
E(XY) = E(X) E(Y), (2-87)
and
Cov(X,Y) =0. (2-88)

Let Xy, ..., X, be independent and identically distributed random variables
then

Cov(X, X; — X) = 0. (2-89)
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Il Proof
E(XY) = / / xyf(x,y)dxdy = / / xyf(x)f(y)dxdy
= [ xf(x)dx [ yf)dy = ECOE(Y)

Cov(X,Y) = E[(X — E(X))(Y — E(Y))]
— E[XY] — E[E(X)Y] — E[XE(Y)] + E(X) E(Y)
= 0.

Cov(X, X; — X) = Cov(X, X;) — Cov(X, X)

1, 1

:EU' —ECOV<ZX1‘,ZXZ‘>
1 1

= 0% — —znaz =0.
n n

55

(2-90)

(2-91)

(2-92)

|l Remark 2.76

Note that Cov(X,Y) = 0 does not imply that X and Y are independent.
However, if X and Y follow a bivariate normal distribution, then if X and Y

are uncorrelated then they are also independent.
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2.10 Functions of normal random variables

This section will cover some important functions of a normal random variable.
In general the question of how an arbitrary function of a random variable is dis-
tributed cannot be answered on closed form (1.e. directly and exactly calculated)
— for answering such questions we must use simulation as a tool, as covered de-
tails in Chapter 4. We have already discussed simulation as a learning tool,
which will also be used in this section.

The simplest function we can think of is a linear combination of normal random
variables, which we from Theorem 2.40 know will follow a normal distribution.
The mean and variance of this normal distribution can be calculated using the
identities given in Theorem 2.56.

lll Remark 2.77

Note that combining Theorems 2.40 and 2.75, and Remark 2.76 imply that X
and X; — X are independent.

In addition to the result given above we will cover three additional distribu-
tions: Xz-distribution, t-distribution and the F-distribution, which are all very
important for the statistical inference covered in the following chapters.
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2.10.1 The x?-distribution

The x2-distribution (chi-square) is defined by:

57

lll Definition 2.78
Let X be )(2 distributed, then its pdf is

1 v_q _x
x) = — x27e"2; x>0,
)
where I () is the I'-function and v is the degrees of freedom.

(2-93)

An alternative definition (here formulated as a theorem) of the y?-distribution

1S:

lll Theorem 2.79

mal distribution, then

v
Y Z2 ~ ().
i=1

Let Zy,...,Z, be independent random variables following the standard nor-

(2-94)

We will omit the proof of the theorem as it requires more probabilty calculus
than covered here. Rather a small example that illustrates how the theorem can

be checked by simulation:
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|l Example 2.80 simulation of y?-distribution

# Simulate 10 realizations from a standard normal distributed variable
n = 10
stats.norm.rvs(loc=0, scale=1, size=n)
Now repeat this 200 times and calculate the sum of squares each time
Note: the use of the function replicate: it repeats the

[np.sum(stats.norm.rvs(loc=0, scale=1, size=n)**2) for _ in range(200)]

#
#
# expression in the 2nd argument k times, see 7replicate
X
x = np.array(x)

# Plot the epdf of the sums and compare to the theoretical chisquare pdf

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))

axl.hist(x, density=True, label=’epdf’)

axl.plot(range(0,31), stats.chi2.pdf (range(0,31), df=n), color="red", label=’pdf’)
# and the ecdf compared to the cdf

stats.ecdf (x) .cdf.plot(ax2, label=’ecdf’)

ax2.plot(range(0,31), stats.chi2.cdf (range(0,31), df=n), color="red", label=’cdf’)

1.0 v o ecdf
— cdf
0.8 A
>
)
c
> 8 0.6 1
‘@0 o
5 g
©
e S 0.4
1S
3
[®]
0.2 A
0.0 A
0 10 20 30
X X

In the left plot the empirical pdf is compared to the theoretical pdf and in the right
plot the empirical cdf is compared to the theoretical cdf.
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Il Theorem 2.81

Given a sample of size n from the normal distributed random variables X;
with variance o2, then the sample variance S? (viewed as random variable)
can be transformed into

2 (7’1 — 1)52

X ="z (2-95)

which follows the x2-distribution with degrees of freedom v = n — 1.

lll Proof

Start by rewriting the expression

we know that ? ~ N(0,1) and X1 N (0,1), and hence the left hand side is a
o/\/n

f(n) distributed random variable minus a x?(1) distributed random variable (also
X and S? are independent, see Theorems 2.75, and 2.40, and Remark 2.76). Hence
the left hand side must be x?(n — 1).

If someone claims that a sample comes from a specific normal distribution (i.e.
X; ~ N(u,0?), then we can examine probabilities of specific outcomes of the
sample variance. Such calculation will be termed hypethesis test in later chap-
ters.
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lll Example 2.82 Milk dose machines

A manufacture of machines for dosing milk claims that their machines can dose with
a precision defined by the normal distribution with a standard deviation less than
2% of the dose volume in the operation range. A sample of n = 20 observations was
taken to check if the precision was as claimed. The sample standard deviation was
calculated to s = 0.03.

Hence the claim is that ¢ < 0.02, thus we want to answer the question: if ¢ = 0.02
(i.e. the upper limit of the claim), what is then the probability of getting the sampling
deviation s > 0.03?

# Chi-square milk dosing precision

# The sample size

n = 20

# The claimed deviation

sigma = 0.02

# The observed sample standard deviation
s = 0.03

# Calculate the chi-square statistic
chiSq = (n-1)*s**2 / sigma**2

# Use the cdf to calculate the probability of getting the observed
# sample standard deviation or higher

1 - stats.chi2.cdf(chiSq, df=n-1)

np.float64(0.0014022691601097703)

It seems very unlikely that the standard deviation is below 0.02 since the probability
of obtaining the observed sample standard deviation under this condition is very
small. The probability we just found will be termed a p-value in later chapters - the
p-value a very fundamental in testing of hypothesis.

The probability calculated in the above example will be called the p-value in
later chapters and it is a very fundamental concept in statistics.

Il Theorem 2.83 Mean and variance

Let X ~ x%(v) then the mean and variance of X is

E(X)=v;, V(X)=2v. (2-97)
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We will omit the proof of this theorem, but it is easily checked by a symbolic
calculation software (like e.g. Maple).

Il Example 2.84

We want to calculate the expected value of the sample variance (S?) based on n
observations with X; ~ N(j,02). We have already seen that 51 5% ~ x?(n — 1) and
we can therefore write

n_l(n—l):crz,

and we say that S? is a central estimator for o2 (the term estimator is introduced in
Section 3.1.3). We can also find the variance of the estimator

V(s?) = <n0_21>2V<nU_2152>

lll Example 2.85 Pooled variance

Suppose now that we have two different samples (not yet realized) X, ..., X,, and
Y1,..., Yy, with X; ~ N(u1,0?%) and Y; ~ N(pp,0?) (bothi.i.d.). Let S% be the sample
variance based on the X’s and S be the sample variance based on the Y’s. Now both
S? and S5 will be central estimators for 02, and so will any weighted average of the

type
S?=4aS?+(1—a)S3; ac|01].

Now we would like to choose a such that the variance of S? is as small as possible,
and hence we calculate the variance of S

4 p
2y _ 29 U N2
V(S)—aan_l—i—(l cz)an_1
1
:24 2 1— 2 )
0<an1_1+( a) n2—1>
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In order to find the minimum we differentiate with respect to a

2
aV(S9) _ ot (2a 1 )
np—1 np —1

da
1 1 1
4 pa—
40 <a<n1—1+n2—1> 7’12—1)

—4(74<a 2 — ! >
(711—1)(1’12—1) nz—l !

—2(1—a)

which is zero for

1’11—1

_1’11—}—712—2.

In later chapters we will refer to this choice of a as the pooled variance (S%), inserting
in (2-98) gives

(m —~ 1)S} + (2~ 1)S3

S2 =
p n+np—2

Note that S% is a weighted (proportional to the number of observations) average
of the sample variances. It can also be shown (you are invited to do this) that
%’?_ZS% ~ x%(n1 + ny — 2). Further, note that the assumption of equal variance in
the two samples is crucial in the calculations above.

2.10.2 The t-distribution

The t-distribution is the sampling distribution of the sample mean standardized
with the sample variation. It is valid for all sample sizes, however for larger
sample sizes (n > 30) the difference between the t-distribution and the normal
distribution is very small. Hence for larger sample sizes the normal distribution
is often applied.

lll Definition 2.86
The t-distribution pdf is

Fr(t) = FW(H—EEZ) (1 n %)—“2, (2-98)

where v is the degrees of freedom and T'() is the Gamma function.




Chapter 2 ||| 2.10 FUNCTIONS OF NORMAL RANDOM VARIABLES 63

The relation between normal random variables and y?-distributed random vari-
ables are given in the following theo:rem

lll Theorem 2.87
Let Z ~ N(0,1) and Y ~ x%(v), then

z

X= VY /v

~ t(v). (2-99)

We will not prove this theorem, but show by an example how this can be illus-
trated by simulation:

|l Example 2.88 Relation between normal and x>

# Set simulate parameters

nu = 8; k = 200

Generate the simulated realizations

= stats.norm.rvs(size=k)

stats.chi2.rvs(size=k, df=nu)

z/np.sqrt (y/nu)

Plot

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))

axl.hist(x, density=True, label=’epdf’)

axl.plot(range(-4,5), stats.t.pdf(range(-4,5), df=nu), color="red", label=’pdf’)
stats.ecdf (x) .cdf .plot(ax2, label=’ecdf’, linewidth=3)

ax2.plot(range(-4,5), stats.t.cdf(range(-4,5), df=nu), color="red", label=’cdf’)

H X < N #H
Il
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IIOJ — ecdf
— cdf

o o o
B o [o5]

Cumulated Density

o
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0.0

In the left plot the empirical pdf is compared to the theoretical pdf and in the right
plot the empirical cdf is compared to the theoretical cdf.

The t-distribution arises when a sample is taken of a normal distributed random
variable, then the sample mean standardized with the sample variance follows
the t-distribution.

lll Theorem 2.89

Given a sample of normal distributed random variables X, ..., X;, then the
random variable

_ X
T_s/\/ﬁ

follows the t-distribution, where X is the sample mean, y is the mean of X,
n is the sample size and S is the sample standard deviation.

~tn—1), (2-100)
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Il Proof

Note that f/;\/’% ~ N(0,1) and ("_U—?Sz ~ x%(n — 1) which inserted in Equation (2.87)

gives

X— X—u
o/\/n 1//n
n—1)52 2
¢(72(n—)1) Vs (2-101)

X—p

— ~ -1
NG t(n—1)

We could also verify this by simulation:

lll Example 2.90 Simulation of t-distribution

# Simulate

n=28; k=200; mu=1.0; sigma = 2.0

# Repeat k times the simulation of a normal dist. sample:
# return the values in a (n x k) matrix

X

X

= [stats.norm.rvs(loc=mu, scale=sigma, size=n) for _ in range(k)]

= np.array(x)

xbar = np.array([np.mean(i) for i in x])
S = np.array([np.std(i) for i in x])
tobs = (xbar - mu)/(s/np.sqrt(n))

# Plot

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))

axl.hist(tobs, density=True, label=’epdf’)

axl.plot(np.arange(-4,4.01,0.01), stats.t.pdf(np.arange(-4,4.01,0.01), df=nu), color="r
stats.ecdf (tobs) .cdf .plot(ax2, label=’ecdf’, linewidth=3)
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IIOJ — ecdf
— cdf

o o o
B o [o5]
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In the left plot the empirical pdf is compared to the theoretical pdf and in the right
plot the empirical cdf is compared to the theoretical cdf.

Note that X and S are random variables, since they are the sample mean and
standard deviation of a sample consisting of realizations of X, but the sample is
not taken yet.

Very often samples with only few observations are available. In this case by
assuming normality of the population (i.e. the X;’s are normal distributed) and
for a some mean p, the t-distribution can be used to calculate the probability of
obtaining the sample mean in a given range.

lll Example 2.91 Electric car driving distance

An electric car manufacture claims that their cars can drive on average 400 km on
a full charge at a specified speed. From experience it is known that this full charge
distance, denote it by X, is normal distributed. A test of n = 10 cars was carried out,
which resulted in a sample mean of ¥ = 382 km and a sample deviation of s = 14.

Now we can use the t-distribution to calculate the probability of obtaining this value
of the sample mean or lower, if their claim about the mean is actually true:
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# Calculate the probability of getting the sample mean under the
# conditions that the claim is actually the real mean

# A test of 10 cars was carried out

n = 10

# The claim is that the real mean is 400 km

muX = 400

# From the sample the sample mean was calculated to

xMean = 393

# And the sample deviation was

xSD = 14

# Use the cdf to calculate the probability of obtaining this
# sample mean or a lower value

stats.t.cdf ((xMean-muX) / (xSD/np.sqrt(n)), df=n-1, loc=0, scale=1)

np.float64(0.0741623536832797)

If we had the same sample mean and sample deviation, how do you think
changing the number of observations will affect the calculated probability?
Try it out.

The t-distribution converges to the normal distribution as the simple size in-
creases. For small sample sizes it has a higher spread than the normal distribu-
tion. For larger sample sizes with n > 30 observations the difference between
the normal and the ¢-distribution is very small.
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lll Example 2.92 t-distribution

Generate plots to see how the t-distribution is shaped compared to the normal dis-
tribution.

# Plot the t-distribution for different sample sizes

# First plot the standard normal distribution

x = np.arange(-5,5,0.1)

plt.plot(stats.norm.pdf(x, loc=0, scale=1), label=’Norm’)

# Add the t-distribution for 30 observations
plt.plot(stats.t.pdf (x, df=30-1, loc=0, scale=1), label=’n=30’)
# Add the t-distribution for 15, 5 and 2 observations
plt.plot(stats.t.pdf(x, df=15-1, loc=0, scale=1), label=’n=15’)
plt.plot(stats.t.pdf(x, df=5-1, loc=0, scale=1), label=’n=5’)
plt.plot(stats.t.pdf(x, df=2-1, loc=0, scale=1), label=’n=2’)

# Add a legend

plt.legend()

plt.show()

0.4 1

0.3

0.2 1

0.1 1

0.0 A

0 20 40 60 80 100

ﬁl How does the number of observations affect the shape of the t-distribution
pdf compared to the normal pdf?
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ll Theorem 2.93 Mean and variance
Let X ~ t(v) then the mean and variance of X is
E(X)=0; v>1, (2-102)
%
V(X) = ; 2 2-103
(0)=-"s v> 2-103)

We will omit the proof of this theorem, but it is easily checked with a symbolic

calculation software (like e.g. Maple).

|l Remark 2.94

ity density functions.

For v < 1 the expectation (and hence the variance) is not defined (the inte-
gral is not absolutely convergent), and for v € (1,2] (1 < v < 2) the variance
is equal co. Note that this does not violate the general definition of probabil-

2.10.3 The F-distribution

The F-distribution is defined by:

lll Definition 2.95
The F-distribution pdf is

n L))

1 V1?2 414 1 2
= — —_ 2 1 —
i) =515, <VZ) ’ <+V2x) ’

where v1 an v; are the degrees of freedom and B(-, -) is the Beta function.

(2-104)

The F-distribution appears as the ratio between two independent x2-distributed

random variables:
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lll Theorem 2.96
Let U ~ x?(v1) and V ~ x?(v2), be independent then

. U/l/l
o V/I/z

R F(Vl,llz). (2-105)

Again we will omit the proof of the theorem and rather show how it can be
visualized by simulation:

lll Example 2.97 F-distribution

# Simulate
nul = 8; nu2 = 10; k = 200
u = stats.chi2.rvs(size=k, df=nul)

v = stats.chi2.rvs(size=k, df=nu2)

fobs = (u/nul) / (v/nu2)

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))

axl.hist(fobs, density=True, label=’epdf’)

axl.plot(np.arange(0,5.01,0.01), stats.f.pdf(np.arange(0,5.01,0.01), dfn=nul, dfd=nu2),
stats.ecdf (fobs) .cdf .plot(ax2, label=’ecdf’, linewidth=3)
ax2.plot(np.arange(0,5.01,0.01), stats.f.cdf(np.arange(0,5.01,0.01), dfn=nul, dfd=nu2),

B epdf 1.0+
— pdf

o

o

o o o

EN o =)
L !

Cumulated Density

o
IN)

m— ecdf
— cdf

0.0 A

0 2 4 6 8 0 2 4 6 8 10
fobs fobs

In the left plot the empirical pdf is compared to the theoretical pdf and in the right
plot the empirical cdf is compared to the theoretical cdf.
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lll Theorem 2.98

Let Xj,..., Xy, be independent and sampled from a normal distribution
with mean p; and variance (712, further let Y3, ...,Y,, be independent and
sampled from a normal distribution with mean y, and variance 3. Then
the statistic

52/0.2
= S;/(le ~ F(ny —1,m —1), (2-106)
DUACD
follows an F-distribution.
Il Proof
Note that (”1;—21)5% ~ x%(n; —1) and (’12;—21)55 ~ x2(ny — 1) and hence
1 2

=3 F(n—1,n—1). (2-107)

We can also illustrate this sample version by simulation:

lll Example 2.99 Relation between normal and F-distribution

# Simulate

nl = 8; n2 = 10; k = 200

mul = 2; mu2 = -1

sigmal = 2; sigma2 = 4

sl = np.array([np.std(stats.norm.rvs(size=nl, loc=mul, scale=sigmal)) for _ in range(k

s2 np.array([np.std(stats.norm.rvs(size=n2, loc=mu2, scale=sigma2)) for _ in range(Xk
fobs = (s1**2 / sigmal**2) / (s2%%2 / sigma2+*%2)

# Plot

fig, (axl, ax2) = plt.subplots(l, 2, figsize=(8,4))

axl.hist(fobs, density=True, label=’epdf’)

axl.plot(np.arange(0,6.01,0.01), stats.f.pdf(np.arange(0,6.01,0.01), dfn=nul-1, dfd=nu?
stats.ecdf (fobs) .cdf.plot(ax2, label=’ecdf’, linewidth=3)
ax2.plot(np.arange(0,6.01,0.01), stats.f.cdf(np.arange(0,6.01,0.01), dfn=nul-1, dfd=nu?
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HEl epdf 1.0 | = ecdf
0.7 — pdf — cdf

o o o
EN o 0
! A

Cumulated Density

o
IN)

0.0

6 0 2 4 6
fobs fobs

In the left plot the empirical pdf is compared to the theoretical pdf and in the right
plot the empirical cdf is compared to the theoretical cdf.

I Remark 2.100

Of particular importance in statistics is the case when 07 = 07, in this case

SZ
F= S—; ~ F(ny —1,np — 1), (2-108)
2

ll Theorem 2.101  Mean and variance
Let F ~ F(v1,17) then the mean and variance of F is

E(F) = Vz”—iz; vy > 2, (2-109)
V(E) = 203(n + 1 —2)
- 1/1(1/2 — 2)2(1/2 — 4),

v > 4. (2-110)
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Glossaries

Binomial distribution [Binomial fordeling] If an experiment has two possible
outcomes (e.g. failure or success, no or yes, 0 or 1) and is repeated more
than one time, then the number of successes is binomial distributed 18, 20,
21

x2-distribution [x?-fordeling (udtales: chi-i-anden fordeling)] 57, 59

Continuous random variable [Kontinuert stokastisk variabel] If an outcome of
an experiment takes a continuous value, for example: a distance, a tem-
perature, a weight, etc., then it is represented by a continuous random
variable 3, 27, 29, 53

Correlation [Korrelation] The sample correlation coefficient are a summary statis-
tic that can be calculated for two (related) sets of observations. It quantifies
the (linear) strength of the relation between the two. See also: Covariance
48, 49

Covariance [Kovarians] The sample covariance coefficient are a summary statis-
tic that can be calculated for two (related) sets of observations. It quantifies
the (linear) strength of the relation between the two. See also: Correlation
48-50

Degrees of freedom [Frihedsgrader] The number of "observations" in the data
that are free to vary when estimating statistical parameters often defined
asn—157,59, 62,69

Discrete random variable [Diskret stokastisk variabel] A discrete random vari-
able has discrete outcomes and follows a discrete distribution 4, 11, 14, 51,
52

Distribution [Fordeling] Defines how the data is distributed such as, normal
distribution, cumulated distribution function, probability density func-
tion exponential distribution, log-normal distribution, Poisson distribu-
tion, uniform distribution, hypergeometric distribution, binomial distri-
bution, t-distribution, F-distribution 3
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Expectation [Forventningsveerdi] A function for calculating the mean. The value
we expect for a random variable (or function of random variables), hence
of the population 12, 69

Exponential distribution [Eksponential fordelingen] The usual application of
the exponential distribution is for describing the length (usually time) be-
tween events which, when counted, follows a Poisson distribution 39, 43

F-distribution [F-fordelingen] The F-distribution appears as the ratio between
two independent y?-distributed random variables 69

Histogram [Histogram] The default histogram uses the same width for all classes
and depicts the raw frequencies/counts in each class. By dividing the raw
counts by n times the class width the density histogram is found where
the area of all bars sum to 17, 38

Hypergeometric distribution [Hypergeometrisk fordeling] 21, 22

Independence [Uafhaengighed] 48, 51-53
(Statistical) Inference [Statistisk inferens (felgeslutninger baseret pa data)] 56

Interval [Interval] Data in a specified range 23-25, 40, 42
Log-normal distribution [Lognormal fordeling] 38

Normal distribution [Normal fordeling] 27, 31, 34, 35, 38, 54, 57, 60, 62, 67, 68,
71

P-value [p-veerdi (for faktisk udfald af en teststorrelse)] 60

Sample mean [Stikprovegennemsnit] The average of a sample 10, 12, 13, 15, 48,
62, 64, 66, 67

t-distribution [t{-fordeling] 62
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Acronyms

ANOVA Analysis of Variance Glossary: Analysis of Variance

cdf cumulated distribution function 5, Glossary: cumulated distribution func-
tion

CI confidence interval Glossary: confidence interval

CLT Central Limit Theorem Glossary: Central Limit Theorem
IQR Inter Quartile Range Glossary: Inter Quartile Range
LSD Least Significant Difference Glossary: Least Significant Difference

pdf probability density function Glossary: probability density function
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