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Exam question paper for:

Written examination: 20. December 2025

Course name and number: 02403 Introduction to Mathematical Statistics

Duration: 4 hours

Aids allowed: All printed aids plus pocket calculator model TI30XS or TI30XB

The final answers should be handed in by filling
out a separate “Answer Sheet”.

This exam consists of 30 questions of the “multiple choice” type, which are divided between 16
exercises.
Only hand in the “Answer Sheet” and not the entire question paper.

Multiple choice questions: Note that in each question, one and only one of the answer op-
tions is correct. Furthermore, not all the suggested answers are necessarily meaningful. Always
remember to round off your own result to the number of decimals given in the answer options
before you choose your answer.

The use of Python code in this exam: This exam includes Python code. Note that we use
the following libraries and abbreviations:

import numpy as np

import matplotlib.pyplot as plt

import pandas as pd

import scipy.stats as stats

import statsmodels.api as sm

import statsmodels.formula.api as smf

import statsmodels.stats.power as smp

import statsmodels.stats.proportion as smprop
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Exercise I

You draw many random samples, each of size n = 150, from a population that is skewed to
the right (meaning the distribution has a tail extending far to the right). The distribution has
mean 40 and a standard deviation 10.

Question I.1 (1)

According to the Central Limit Theorem (CLT), which of the following statements about the
distribution of the sample means is correct?

1 □ The distribution of the sample means will be highly skewed to the right.

2 □ The mean of the sample means will be much greater than 40 because of the skewness.

3* □ The distribution of the sample means will be approximately normally distributed and
centered around 40.

4 □ The standard deviation of the sample means will be 10, same as the population.

5 □ The distribution of the sample means will become uniform as the sample size increases.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Theorem 3.14: The distribution of the sample mean approaches a normal distribution as the
sample size n becomes sufficiently large, regardless of the shape of the population distribution.

The mean of the sampling distribution of the sample mean is equal to the population mean:
µX̄ = µ = 40

and the standard deviation (standard error) of the sampling distribution is: σX̄ = σ√
n
= 10√

150

Therefore, the sample means are approximately normally distributed around 40, not skewed or
uniform.

------------------------------------ FACIT-END ------------------------------------

Continue on page 4

3



Exercise II

The discrete random variable X has the following distribution:

x 1 3 5 6
f(x) 0.1 0.4 0.3 0.2

where f(x) = P (X = x) is the probability density function (pdf).

Question II.1 (2)

What is the mean E[X] and variance V[X]?

1 □ E[X] = 3.75 and V[X] = 1.92

2 □ E[X] = 4.00 and V[X] = 1.92

3 □ E[X] = 4.40 and V[X] = 2.40

4 □ E[X] = 3.75 and V[X] = 2.40

5* □ E[X] = 4.00 and V[X] = 2.40

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

E[X] =
∑

x · f(x)

= 1 · 0.1 + 3 · 0.4 + 5 · 0.3 + 6 · 0.2
= 0.1 + 1.2 + 1.5 + 1.2

= 4.0

V [X] =
∑

(x− E[X])2 · f(x)

= (1− 4)2 · 0.1 + (3− 4)2 · 0.4 + (5− 4)2 · 0.3 + (6− 4)2 · 0.2
= (−3)2 · 0.1 + (−1)2 · 0.4 + 12 · 0.3 + 22 · 0.2
= 9 · 0.1 + 1 · 0.4 + 1 · 0.3 + 4 · 0.2
= 0.9 + 0.4 + 0.3 + 0.8

= 2.4
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------------------------------------ FACIT-END ------------------------------------

Continue on page 5
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Exercise III

Some data has been obtained for which we simply call the observed values ”y” and ”x”. The
data is visualized in the scatter plot below.
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The following information about the data is provided:

x̄ = 0.5024

ȳ = 8.1964

Sxx =
n∑
i

(xi − x̄)2 = 2.5365

Sxy =
n∑
i

(xi − x̄)(yi − ȳ) = 10.2153

Where n is the number of observations in the data.

The data was stored in Python in a DataFrame called ”dat”, containing the columns ”x” and
”y”. A simple linear regression model was fitted to the data using the following command in
Python:

fit = smf.ols(formula = 'y ~ x', data = dat).fit()
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The resulting regression table is printed below (although certain values have been substituted
by the letters A, B, C and D):

print(fit.summary(slim=True))

OLS Regression Results

==============================================================================

Dep. Variable: y R-squared: 0.583

Model: OLS Adj. R-squared: 0.573

No. Observations: 45 F-statistic: 60.12

Covariance Type: nonrobust Prob (F-statistic): 1.06e-09

==============================================================================

coef std err t P>|t| [0.025 0.975]

------------------------------------------------------------------------------

Intercept 6.1731 0.289 21.388 0.000 5.591 6.755

x A B 7.754 0.000 C D

==============================================================================

Question III.1 (3)

Consider the statistical model that was fitted to the data and the values represented by the
letters A and B (inserted in the regression table above).

Which of the following statements is correct?

1* □ A = β̂1 is the estimate of the parameter β1 in the statistical model:
yi = β0 + β1xi + εi, with εi ∼ N(0, σ2).
B = σ̂β̂1

is the estimated standard error of β̂1.

2 □ A = β̂0 is the estimate of the parameter β0 in the statistical model:
yi = β0 + β1xi + εi, with εi ∼ N(0, σ2).
B = σ̂β̂0

is the estimated standard error of β̂0.

3 □ A = β̂1 is the estimate of the parameter β1 in the statistical model:
yi = β1xi + εi, with εi ∼ N(0, σ2).
B = σ̂β̂1

is the estimated standard error of β̂1.

4 □ A = β̂0 is the estimate of the parameter β0 and B = β̂1 is the estimate of the parameter
β1 in the statistical model:
yi = β0 + β1xi + εi, with εi ∼ N(0, σ2).

5 □ A = β̂1 is the estimate of the parameter β1 and B = β̂0 is the estimate of the parameter
β0 in the statistical model:
yi = β0 + β1xi + εi, with εi ∼ N(0, σ2).

6 □ Don’t know / No answer
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----------------------------------- FACIT-BEGIN -----------------------------------

A is the slope parameter β1 in the statistical model: yi = β0 + β1xi + εi, with εi ∼ N(0, σ2).

B is the standard error of A.

------------------------------------ FACIT-END ------------------------------------

Question III.2 (4)

What is the value of A?

1 □ A = 0.5024

2 □ A = 10.2153

3 □ A = 5.10765

4 □ A = 45/10 = 4.5

5* □ A = 4.0273

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

From the provided information we estimate A = β̂1 =
∑n

i (xi−x̄)(yi−ȳ)

Sxx
= Sxy

Sxx
= 4.0273

------------------------------------ FACIT-END ------------------------------------

Question III.3 (5)

In order to check the model assumptions the following plots were produced:
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Which of the following statements is correct?

1* □ The histogram and qq-plot of the residuals indicate that the assumption about normality
(εi ∼ N(0, σ2)) is violated - i.e. the residuals do not seems to follow a normal distribution.

2 □ The qq-plot of the residuals indicate that the assumption about independence is violated
- i.e. the residuals do not seems to be independent.

3 □ The plots do not indicate a violation of the model assumptions.

4 □ The scatter plot of the residuals vs. fitted values indicate that the assumption about
independence is violated - i.e. the residuals do not seems to be independent.

5 □ The qq-plot of the residuals indicate that the residuals follow a normal distribution with
zero mean: εi ∼ N(0, σ2).

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The model assumes that εi ∼ N(0, σ2) and i.i.d.

Thus we expect a histogram of the residuals to resemble a normal distribution, but the his-
togram shown in the first plot shows a very skewed distribution of residuals indicating that the
assumption about normality is violated (the residuals do not follow a normal distribution).

The conclusion from the qq-plot agrees with the above stated. We expect the quantiles of the
residuals to follow the quantiles of a normal distribution (in which case the dots would follow
a straight line), but there seems to be a clear systematic deviation from the straight line in the
qq-plot. From the qq-plot we would therefore also conclude that the residuals do not seems to
follow a normal distribution.

The plot with residuals vs. fitted values does not indicate any clear violation of assumptions,
although also here it is apparent that he distribution of residuals is skewed (with more residuals
below zero than above). However we do not find any pattern indicating that the residuals are
not independent.

------------------------------------ FACIT-END ------------------------------------

Continue on page 10
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Exercise IV

A group of researchers study cell activity in four different species of mice. They collect samples
with sample sizes: n1 = 50, n2 = 150, n3 = 150, n4 = 50 for species 1, 2, 3 and 4 respectively.
The researchers fit a mathematical model of the form:

Yij = µ+ αi + εij, εij ∼ N(0, σ2), i ∈ {1, 2, 3, 4},

where the errors εij are assumed to be independent.

The researchers compute that SS(Tr) = 6.0479 (here ”Tr” relates to the different species) and
SST = 163.234, yielding a p-value of 0.0018 when testing the null hypothesis:

H0 : α1 = α2 = α3 = α4 = 0

Question IV.1 (6)

Which of the following statements give the correct value of the test statistic in the F -test, and
also states a correct conclusion?

1 □ The value of the test statistic is F = 5.079. The null hypothesis cannot be rejected at
significance level α = 0.01.

2* □ The value of the test statistic is F = 5.079. The null hypothesis cannot be rejected at
significance level α = 0.001.

3 □ The value of the test statistic is F = 2.96. The null hypothesis is rejected at significance
level α = 0.01.

4 □ The value of the test statistic is F = 2.96. The null hypothesis is rejected at significance
level α = 0.001.

5 □ The value of the test statistic is F = 0.99. The null hypothesis is rejected at significance
level α = 0.05.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The total number of observations is n = 50 + 150 + 150 + 50 = 400.

We compute the test statistic by completing the ANOVA table:

Source df SS MS F -value p-value
Species 4− 1 = 3 6.048 6.048

3
= 2.016 2.016

0.3969
= 5.079 0.00184

Residual 400− 4 = 396 163.234− 6.048 = 157.19 157.19
396

= 0.3969
Total 400− 1 = 399 163.234
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Thus, the value of the test statistic is F = 5.079 (you can verify that this does indeed produce
a p-value of 0.00184). Since the p-value is just 0.00184, the null hypothesis is rejected at the
0.01 (1%) significance level, but cannot be rejected at the 0.001 (0.1%) significance level.

------------------------------------ FACIT-END ------------------------------------

Question IV.2 (7)

The projection matrix associated with the model is

H =


1
n1
En1,n1 0 0 0

0 1
n2
En2,n2 0 0

0 0 1
n3
En3,n3 0

0 0 0 1
n4
En4,n4

 ,

where Eni,ni
is a ni×ni matrix of ones. Under the null-hypothesis H0 : α1 = α2 = α3 = α4 = 0,

then the appropriate projection matrix is

H0 =
1

n
En,n,

where n = n1 + n2 + n3 + n4.

Given that the null-hypothesis is true, what is the the distribution of

Q =
1

σ2
Y T (H −H0)Y ,

where σ2 is the true (but unknown) variance of εi?

1 □ Q ∼ F (4, n− 3).

2* □ Q ∼ χ2(3).

3 □ Q ∼ χ2(n− 4).

4 □ Q ∼ F (4, n).

5 □ Q ∼ F (3, n− 4).

----------------------------------- FACIT-BEGIN -----------------------------------

H0 is the projection matrix under the null hypothesis and hence using e.e. Theorem 9.33 we
get that Q ∼ χ2(4− 1) = χ2(3)

------------------------------------ FACIT-END ------------------------------------
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Question IV.3 (8)

The researchers proceed to perform model validation (i.e., model checking). They produce the
diagnostic plots presented below:
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Which of the following statements is correct (all arguments must be true)?

1 □ The QQ-plot indicates a violation of the assumption about normally distributed param-
eters. The box plots indicate an incorrect estimation of the model parameters.

2* □ The QQ-plot indicates a violation of the assumption about normally distributed residuals.
The box plots indicate a violation of the assumption of equal residual variance across
species.

3 □ The QQ-plot indicates a violation of the assumption about normally distributed residuals.
The box plots indicate a violation of the assumption that µεij = 0.

4 □ The QQ-plot indicates a violation of the assumption about equal sample size within each
group. The box plots indicate a disproportionate number of outliers in the data.

5 □ The diagnostic plots do not indicate any violation of model assumptions.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

We will go through the different plots one at a time. First, note that the researchers are working
with a one-way ANOVA model, and the answer options must therefore be evaluated in relation
to the assumptions of this model.
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The box plots of the residuals suggest the residual variance increases from Species 1 to Species
4. considering the relatively large sample sizes, these plots suggest a clear violation of the
homoscedasticity (equal residual variance) assumption. Moreover, number of outliers does not
seem disproportionate (given the large sample sizes, especially in Species 2 and 3).

Next, the normal-QQ plot shows considerable departures from the theoretical line, indicat-
ing that the assumption of normality is violated.

------------------------------------ FACIT-END ------------------------------------

Continue on page 14
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Exercise V

A researcher claims that the average daily screen time for educational use by university students
is 6 hours. To test this claim, a random sample of n = 20 students was selected, giving:
x̄ = 5.4 hours and s = 1.2 hours. Assume screen time is approximately normally distributed.
A hypothesis test for the null hypothesis H0 : µ = 6 is conducted and the computed p-value is
0.03.

Question V.1 (9)

Which of the following statements is correct?

1* □ Using a significance level, α = 0.05, the null hypothesis H0 : µ = 6 is rejected. The
researcher concludes that the mean screen time for educational use is not 6 hours.

2 □ Using a significance level, α = 0.05, the alternative hypothesis HA : µ = 0 is accepted.
The researcher concludes that the mean screen time for educational use is significantly
less than 6 hours.

3 □ Using a significance level, α = 0.01, the null hypothesis H0 : µ = 6 is rejected. The
researcher concludes that the mean screen time for educational use is not 6 hours.

4 □ Using a significance level, α = 0.01, the alternative hypothesis HA : µ = 0 is accepted.
The researcher concludes that the mean screen time for educational use is significantly
less than 6 hours.

5 □ There is not enough information to make a decision about H0.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The hypotheses are: H0 : µ = 6, H1 : µ ̸= 6.

Because p = 0.03 < α = 0.05, we reject the null hypothesis and conclude that the mean daily
screen time of university students is not equal to 6 hours.

------------------------------------ FACIT-END ------------------------------------

Continue on page 15
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Exercise VI

150 observations of a discrete stochastic variable are simulated in Python and the resulting
values are visualized in the following empirical cumulative distribution (ecdf) plot:
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Question VI.1 (10)

Which of the following Python codes could generate the simulated observations?

1 □ np.random.choice(a=[3,4,5,6,7,8,9], size=150, p=[1/7,1/7,1/7,1/7,1/7,1/7,1/7])

2 □ stats.uniform.rvs(loc=3, scale=6, size=150)

3 □ stats.uniform.rvs(loc=3, scale=9, size=100)

4* □ np.random.choice(a=[3,4,6,7,8,9], size=150, p=[2/10,1/10,1/10,3/10,2/10,1/10])

5 □ stats.norm.rvs(loc=6, scale=2, size=150)

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Only discrete values are simulated, hence the answer is one of the options with np.random.choice.
The ”jump heights” in the ecdf plot corresponds to the probabilities of the values and hence
we see that option 4 is the correct answer (option 1 would give equal jumps for each value of
the sample space).

------------------------------------ FACIT-END ------------------------------------

Continue on page 16
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Exercise VII

A researcher is studying whether students’ active participation in lectures is related to higher
course satisfaction. In a small pilot study with n = 15 students, it was found that about 60%
of students, who frequently participated in lectures, rated their overall course satisfaction as
“high”. Since the pilot study is relatively small, the estimate of 60% is related to a high degree
of uncertainty. To plan a larger study for the next semester, the researcher wants to estimate
the true proportion of ”high course satisfaction”, among students who frequently participate in
lectures. The researcher would like to give a 95% confidence interval for this proportion, with
the Margin of Error (ME) being only 0.05.

To answer the following questions you may need the quantile from the standard normal distri-
bution: z0.975 = 1.96.

Question VII.1 (11)

What minimum sample size n is required for the follow-up study?

1 □ n = 78

2 □ n = 185

3 □ n = 240

4* □ n = 369

5 □ n = 412

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Since the Margin of Error is given by:

ME = z1−alpha/2

√
p(1− p)

n

The formula for the required sample size n is:

n = p(1− p)
(z1−α/2

ME

)2

Insert the known values:

n = 0.6(1− 0.6)

(
1.96

0.05

)2

= 0.24(39.2)2 = 0.24× 1536.64 = 368.7
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Thus, the researcher should plan for a sample size of 369 students to achieve the desired
precision. (This is of course quite many students, and probably the researcher will have to aim
for a larger Margin of Error.)

------------------------------------ FACIT-END ------------------------------------

Question VII.2 (12)

If no prior estimate of p were available, what is then the required sample size?

1 □ n = 138

2 □ n = 185

3 □ n = 240

4* □ n = 385

5 □ n = 420

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

When no estimate of p is available, we assume the maximum variance case p = 0.5, giving
p(1− p) = 0.25:

n = 0.5(1− 0.5)

(
1.96

0.05

)2

= 0.25(39.2)2 = 0.25× 1536.64 = 384.16

Therefore, a minimum of 385 students should be included in the study to achieve the same
margin of error with 95% confidence, even without prior information about p.

------------------------------------ FACIT-END ------------------------------------

Question VII.3 (13)

Disregarding the results from the two previous questions, the researcher decides to conduct
a study using a random sample of 200 students. Among the 200 students 50 were classified
as ”Active participants” and 150 were classified as ”Not active participants”. The researcher
wants to compare the proportion of ”high course satisfaction” between the two groups and
obtains the following survey results:
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Active Participants: 30 out of 50 reported “high course satisfaction”
Not active Participants: 75 out of 150 reported “high course satisfaction”

The researcher conducts a two sample proportions hypothesis test, comparing the proportion
of students reporting ”high course satisfaction” within the two groups. The researcher uses a
significance level of α = 0.05.

Which of the following conclusions is correct (both the calculation and the conclusion must be
correct)?

1* □ The calculated zobs = 1.23 < 1.96, so we fail to reject the null hypothesis of equal
proportions within the two groups (H0 : p1 = p2)

2 □ The calculated zobs = 2.01 > 1.96, so we reject the null hypothesis of equal proportions
within the two groups (H0 : p1 = p2) and conclude that there is a significant difference
between the two groups.

3 □ The calculated zobs = 1.19 < 1.96, so we fail to reject the null hypothesis of equal
proportions within the two groups (H0 : p1 = p2)

4 □ The calculated zobs = 1.23 < 1.96, so we reject the null hypothesis of equal proportions
within the two groups (H0 : p1 = p2) and conclude that there is a significant difference
between the two groups.

5 □ The calculated zobs = 2.01 > 1.96, so we fail to reject the null hypothesis of equal
proportions within the two groups (H0 : p1 = p2).

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

We have p̂1 = 30/50 = 0.6 and p̂2 = 75/150 = 0.5. For the null hypothesis H0 : p1 = p2 = p
the best estimate of p is: p̂ = x1+x2

n1+n2
= 105/200 = 0.525.

We compute the test statistic: zobs =
p̂1−p̂2√

p̂(1−p̂)
(

1
n1

+ 1
n2

)

zobs =
0.60− 0.50√

0.525(1− 0.525)
(

1
50

+ 1
150

) =
0.10√

0.249× 0.0267
=

0.10

0.0815
= 1.23.

Since |zobs| = 1.23 < 1.96, we fail to reject H0.

------------------------------------ FACIT-END ------------------------------------

Continue on page 19
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Question VII.4 (14)

In another study the researcher wants to investigate if students’ lecture participation level
is associated with their exam results. This time the student participation level is classified
as ”High”, ”Moderate”, or ”Low” and the exam results are classified as ”High”, ”Medium”,
or ”Low”. In a random sample of 200 students the participation level and exam results are
recorded and presented in the table below:

Exam Result:
Lecture Participation: High Medium Low Total

High 30 15 5 50
Moderate 25 30 15 70

Low 10 20 50 80
Total 65 65 70 200

The researcher wants to test whether the distribution of exam results is independent from
lecture participation level.

The desired significance level α has been stored in Python in a variable called ”alpha”. Which
of the following Python statements correctly calculates the critical value for the relevant hy-
pothesis test?

1 □ critical value = stats.chi2.ppf(1 - alpha/2, df=4)

2* □ critical value = stats.chi2.ppf(1 - alpha, df=4)

3 □ critical value = stats.f.ppf(1 - alpha, dfn=2, dfd=4)

4 □ critical value = stats.f.cdf(1 - alpha, dfn=2, dfd=6)

5 □ critical value = stats.t.cdf(1 - alpha/2, df=8)

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

This is a case/scenario with two variables with 3 categorical outcomes, a 3 × 3 contingency
table. According to Method 7.22:
If χ2

obs > χ2
1−α with (r − 1)(c− 1) degrees of freedom, then reject the null hypothesis.

Degrees of freedom: df = (r − 1)(c− 1) = (3− 1)(3− 1) = 4.

The correct code is: critical value = stats.chi2.ppf(1 - alpha, df=4)

------------------------------------ FACIT-END ------------------------------------

Continue on page 20
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Exercise VIII

Consider a multiple linear regression model written in the matrix formulation:

Y = Xβ + ε, ε ∼ N(0, σ2I)

for which the design matrix X is as follows (here we only show the top rows of the matrix):

X =



1 x1 (x1)
3

1 x2 (x2)
3

1 x3 (x3)
3

1 x4 (x4)
3

1 x5 (x5)
3

1 x6 (x6)
3

1 x7 (x7)
3

1 x8 (x8)
3

1 x9 (x9)
3

1 x10 (x10)
3

...
...

...


Question VIII.1 (15)

How can the same regression model be written (in non-matrix formulation)?

1 □ yi = β0 + βaai + εi, εi ∼ N(0, σ2)

2 □ yi = β0 + β1xi + β2x
2
i + εi, εi ∼ N(0, σ2)

3 □ yi = β0 + β1xi + 2 · β2xi + εi, εi ∼ N(0, σ2)

4* □ yi = β0 + β1xi + β2x
3
i + εi, εi ∼ N(0, σ2)

5 □ yi = β0 + β1(xi + x3
i ), εi ∼ N(0, σ2)

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Option 4 is correct including an intercept (a constant term, to be multiplied by ones) a linear
term (to be multiplied by xi) and a cubed term (to be multiplied by x3

i )

------------------------------------ FACIT-END ------------------------------------
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Question VIII.2 (16)

The model parameters are estimated using the formula (in matrix formulation):

β̂ = (XTX)−1XTY

Which statement is correct:

1 □ The vector β̂ has four elements (β̂0, β̂1, β̂2, σ̂
2) and the values of these parameters are

chosen such that the sum of squared residuals (
∑n

i=1 ε
2
i ) is minimized.

2 □ The vector β̂ has three elements (β̂0, β̂1, β̂2) and the values of these parameters are chosen
such that the total sum of squares (SST =

∑n
i=1(yi − ȳ)2) is minimized.

3* □ The vector β̂ has three elements (β̂0, β̂1, β̂2) and the values of these parameters are chosen
such that the sum of squared residuals (

∑n
i=1 ε

2
i ) is minimized.

4 □ The vector β̂ has three elements (β̂0, β̂1, β̂2) and the values of these parameters are chosen
such that the variance of x-values (s2x) is maximized.

5 □ The vector β̂ has two elements (β̂0, β̂1) and the values of these parameters are chosen
such that (XTX)−1XTY is minimized.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Option 3 is correct. There are three elements in the vector β̂, and these correspond to the
”Least Squares” fit, meaning the residual sum of squares has been minimized.

------------------------------------ FACIT-END ------------------------------------

Question VIII.3 (17)

Let n denote the number of observations in the data set, and further let σ̂2 denote the usual
unbiased (or central) variance estimator for the regression model. The following number is now
calculated

Q = yT (I−X(XTX)−1XT )y

What is the value of Q?

1 □ (n− 1)σ̂2
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2* □ (n− 3)σ̂2

3 □ (n− 2)σ̂2

4 □ σ̂2

5 □ nσ̂2

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Q is the sum of squared residuals and since σ̂2 = 1
n−3

∑n
i=1 ε

2
i , we have Q = (n − 3)σ̂2, which

is answer no 2.

------------------------------------ FACIT-END ------------------------------------

Question VIII.4 (18)

Now another model is considered

Y = X2β + ε, ε ∼ N(0, σ2I)

The matrix X2 is constructed such that

H = X(XTX)−1XT = X2(X
T
2X2)

−1XT
2 = H2

Which of the following statements is (in general) true?

1 □ The parameter estimates (β̂) are equal in the two case, but the fitted values (Ŷ ) might
differ.

2 □ The parameter estimates (β̂) and the fittede values (Ŷ ) are equal in the two cases.

3 □ The fitted values (Ŷ ) are the same for the two models, but the variance estimate (σ̂2)
might differ.

4* □ The fitted values (Ŷ ) are the same for the two models, but the parameters estimated (β̂)
might differ.

5 □ The desing matrices are equal (X = X2) and hence all values (parameter estimates,
fitted values, and variance) agree for the two models.

6 □ Don’t know / No answer
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----------------------------------- FACIT-BEGIN -----------------------------------

Since Ŷ = HY , we also have that the fitted values are equal in the two cases. This exclude
answer no. 1, the interpretation of the parameters (an hence their values), might differ. This
exclude answer 2. The estimated variance is directly related to (Y − Ŷ )T (Y − Ŷ ), this exclude
answer 3. Based on the above arguments answer no. 4 is correct. Answer no 5 is not in general
true, as there exist many equivalent parametrizations of any linear model.

------------------------------------ FACIT-END ------------------------------------

Continue on page 24

23



Exercise IX

A researcher collects a random sample of size n = 10 from a normally distributed population.
The sample standard deviation is s = 4.2.

To answer this question you may need the following quantiles from the χ2-distribution with ν
degrees of freedom:

χ2
0.025(ν = 9) = 2.70, χ2

0.975(ν = 9) = 19.02

Question IX.1 (19)

Find the 95% confidence interval for the population standard deviation σ.

1 □ [2.93, 7.25]

2* □ [2.89, 7.67]

3 □ [3.10, 7.38]

4 □ [2.85, 7.80]

5 □ [3.40, 8.20]

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Recall that the confidence interval for σ is:

[√
(n−1)s2

χ2
1−α/2

,

√
(n−1)s2

χ2
α/2

]
Given n = 10, s = 4.2, and degrees of freedom ν = 9: (n− 1)s2 = 9(4.2)2 = 158.76

The 95% confidence interval is:
[√

158.76
19.02

,
√

158.76
2.70

]
=

[√
8.35,

√
58.80

]
= [2.89, 7.67]

------------------------------------ FACIT-END ------------------------------------

Continue on page 25
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Exercise X

A fitness coach wants to test whether a new 4-week training program has a significant effect on
resting heart rate. She measures the resting heart rates (in beats per minute) of 8 participants
before and after the program.

Resting heart rate:
Before program: 78 85 90 76 88 82 79 84
After program: 74 80 85 72 83 78 75 80

Assume the data follow normal distributions and the test is conducted at significance level
α = 0.05.

Question X.1 (20)

Assume the data has been read into Python in Variables named Before and After.
Which Python command should be used to correctly test whether the program significantly
changed the mean resting heart rate?

1 □ stats.ttest 1samp(After, popmean=75)

2 □ stats.ttest ind(Before, After, equal var=False)

3 □ stats.ttest 1samp(Before - After, popmean=Before.mean()-After.mean())

4* □ stats.ttest 1samp(Before - After, popmean=0)

5 □ stats.ttest ind(Before, After, equal var=True)

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The same participants are measured on the same participants before and after the intervention,
so the two samples are dependent (paired).

Therefore, the correct test is the paired t-test, implemented in scipy.stats as:

stats.ttest 1samp(Before - After, pop mean=0)

(or stats.ttest rel(Before, After), not shown)

Furthermore, the test should be to test if the average difference between heart rate before and
after the program is significantly different than zero, therefore we should use pop mean=0.
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------------------------------------ FACIT-END ------------------------------------

Continue on page 26
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Exercise XI

A simulation has been carried out with the following Python code:

A = stats.uniform.rvs(size=500, loc=0, scale = 5)

B = stats.norm.rvs(size=500, loc=10, scale = 1)

C = A + B**2

plt.hist(C, density=True)

plt.show()
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Question XI.1 (21)

Which distributions do the stochastic variables A and B follow?

1 □ A follows a normal distribution with mean µA = 0 and standard deviation σA = 5.
B follows a normal distribution with mean µB = 10 and standard deviation σB = 1.

2 □ A follows a uniform distribution with mean µA = 0 and standard deviation σA = 5.
B follows a normal distribution with mean µB = 10 and standard deviation σB = 1.

3* □ A is uniformly distributed between αA = 0 and βA = 5.
B follows a normal distribution with mean µB = 10 and standard deviation σB = 1.

4 □ A is uniformly distributed between αA = −5 and βA = 5.
B follows a normal distribution with mean µB = 10 and standard deviation σB = 1.

5 □ The distributions of A and B cannot be determined from the Python code.

6 □ Don’t know / No answer
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----------------------------------- FACIT-BEGIN -----------------------------------

A is uniformly distributed between αA = 0 and βA = 5 as can be seen from the code:

A = stats.uniform.rvs(size=50, loc=0, scale = 5)

B follows a normal distribution with mean µB = 10 and standard deviation σB = 1, as can be
seen from the code:

B = stats.norm.rvs(size=50, loc=10, scale = 1)

------------------------------------ FACIT-END ------------------------------------

Question XI.2 (22)

From the simulation we see that C = A+B2.

Say we perform a new simulation for which µA = 2.5, σA = 5/
√
12, µB = 10 and σB = 1.

Use error propagation to estimate σC . Which of the following is correct?

1 □ σC =
√

5/
√
12 + 20

2 □ σC = 5/
√
12 + 200

3* □ σC =
√

25/12 + 400

4 □ σC =
√
25 + 400

5 □ σC =
√

25/12

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

Using error propagation:

σC =

√(
∂C

∂A

)2

σ2
A +

(
∂C

∂B

)2

σ2
B

=

√
(1)2 (5/

√
12)2 + (2B)2 12

=

√
(1)2 (25/12) + (20)2 1

=
√

25/12 + 400 ≈ 20
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Which also matches with the histogram above.

------------------------------------ FACIT-END ------------------------------------

Continue on page 30
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Exercise XII

A researcher is planning an experiment to estimate the mean reduction in blood pressure when
given a specific drug. From a pilot study, the estimated standard deviation in blood pressure
is σ = 8 mmHg. The researcher wants to detect a mean effect size (difference in average blood
pressure) of µ0−µ1 = 5 mmHg with a significance level of α = 0.05 and a power of 1−β = 0.80.
The researcher plans to conduct the experiment on a sample of n test persons, where each test
person has their blood pressure measured both with and without the drug.

To solve this exercise you may need the following quantiles from a standard normal distribution:

z1−β = z0.80 = 0.84 and z1−α/2 = z0.975 = 1.96.

Question XII.1 (23)

What is the required sample size needed for the experiment, given the information above?

1 □ n = 40

2 □ n = 20

3 □ n = 41

4 □ n = 5

5 *□ n = 21

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

For a one-sample test, the sample size is given approximately by:

n =
(

σ(z1−β+z1−α/2)

µ0−µ1

)2

where µ0 − µ1 is the difference in means: µ0 − µ1 = 5 mmHg.

Insert the known values into the formula:

n =
(

8(0.84+1.96)
5

)2

=
(
8×2.8

5

)2
= (4.48)2 = 20.07

Since we cannot have 20.07 observations we need to round up.
The required sample size per group is 21 participants.
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------------------------------------ FACIT-END ------------------------------------

Continue on page 32
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Exercise XIII

To gain insight into the adoption of generative AI tools (such as ChatGPT or Copilot) for
learning support, a university research team surveyed a pilot group of n = 50 students. Among
these, x = 30 students report using such AI tools regularly to assist with study tasks such as
writing, coding, or revising concepts.

To solve this exercise you may need one of the following quantiles:

From a standard normal distribution: z0.95 = 1.64 and z0.975 = 1.96.

From a t-distribution (with ν degrees of freedom): t0.95(ν = 49) = 1.68 and t0.975(ν = 49) =
2.01.

Question XIII.1 (24)

Which of the following is the correct 95%-confidence interval (given that one uses the method
described in the book) for the true proportion (p) of students who regularly use generative
AI tools for learning, and what are the assumptions behind the calculation (both confidence
interval and argument must be true)?

1* □ The 95%-confidence interval for the true proportion is [0.46; 0.74]. The calculation is based
on the assumption that the sample size (n) is large enough for the sample proportion (p̂)
to be approximately normally distributed.

2 □ The 95%-confidence interval for the true proportion is [0.46; 0.74]. The calculation is
based on the assumption that the sample size (n) follows a Binomial distribution.

3 □ The 95%-confidence interval for the true proportion is [0.48, 0.72]. The calculation is
based on the assumption that the sample size (n) is large enough for the Central Limit
Theorem to be valid.

4 □ The 95%-confidence interval for the true proportion is [0.48, 0.72]. The calculation is
based on the assumption that the sample size (n) is large enough for the t-distribution
to be well approximated by a standard normal distribution.

5 □ The 95%-confidence interval for the true proportion is [0.48, 0.72]. The calculation is
based on the assumption that the sample size (n) follows a Binomial distribution.

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The estimated proportion is p̂ = 30/50 = 0.6. The confidence interval is given by:
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p̂± z1−α/2

√
p̂(1− p̂)

n

0.6± 1.96

√
0.6(1− 0.6)

50
= [0.46; 0.74]

The calculation is based on the assumption that the sample size (n) is large enough for the
sample proportion (p̂) to be approximately normally distributed. Since we have both np̂ = 30 ≥
15 and n(1− p̂) = 20 ≥ 15 we believe that the normal distribution is a good approximation in
this case.

------------------------------------ FACIT-END ------------------------------------

Continue on page 34
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Exercise XIV

An insurance company receives claims according to a Poisson process with an intensity of
two claims per month. This entails that claims arrive independently and that the waiting
time between two consecutive claims follows an exponential distribution with a mean of half
a month. Consequently, the number of claims the insurance company receives during a given
month follows a Poisson distribution with a mean of two claims per month.

Question XIV.1 (25)

What is the probability that the insurance company receives fewer than two claims during a
given month?

1 □ 13.5%

2 □ 27.1%

3 □ 30.3%

4* □ 40.6%

5 □ 50.5%

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The probability in question is calculated using equation (2-30).

P (N < 2) = P (N = 0) + P (N = 1) =
20

0!
e−2 +

21

1!
e−2 = 3e−2 ≈ 40.6%.

------------------------------------ FACIT-END ------------------------------------

Question XIV.2 (26)

Which expression correctly calculates the probability that the waiting time between two con-
secutive claims exceeds one month?

1 □ 1− exp(−1
2
)

2 □
∫ 1

0
2 exp(−2x)dx

3* □
∫∞
1

2 exp(−2x)dx
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4 □
∫∞
1

1
2
exp(−1

2
x)dx

5 □
∫ 1

0
1
2
exp(−1

2
x)dx

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The time between two consecutive claims, say X, follows an exponential distribution with a
mean of half a month i.e., with rate λ = 2. Thus, the density function is given by

f(x) = 2 exp(−2x), x ≥ 0,

according to eq. (2-68). Equation (2-38) then yields

P (X > 1) =

∫ ∞

1

f(x)dx =

∫ ∞

1

2 exp(−2x)dx.

------------------------------------ FACIT-END ------------------------------------

Continue on page 36
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Exercise XV

Consider the two-way ANOVAmodel with four different ”Treatments” and five different ”Blocks”:

Yij = µ+ αi + βj + εij, εij ∼ N(0, σ2), i ∈ {1, ..., 4}, j ∈ {1, ...5},

where the errors εij are assumed to be independent, i refers to the four different treatments
and j refers to the five different blocks.

A data set has been obtained, and the following averages have been calculated:

Overall 31.5 Block 1 31.0
Treatment 1 35.1 Block 2 32.0
Treatment 2 29.4 Block 3 32.3
Treatment 3 28.7 Block 4 30.3
Treatment 4 32.8 Block 5 31.9

Furthermore, the treatment sum of squares, SS(Tr), has been calculated to be 134.5 (here
”Tr” refers to the treatments).

Moreover, let σ̂ denote the model estimate of σ.

Question XV.1 (27)

What are the covariances Cov(Y12, Y13) and Cov(Y22, Y42) according to the model?

1* □ Cov(Y12, Y13) = 0 and Cov(Y22, Y42) = 0

2 □ Cov(Y12, Y13) = 0 and Cov(Y22, Y42) = β2

3 □ Cov(Y12, Y13) = α1 and Cov(Y22, Y42) = 0

4 □ Cov(Y12, Y13) = α1 and Cov(Y22, Y42) = β2

5 □ Cov(Y12, Y13) = µ+ α1 and Cov(Y22, Y42) = µ+ β2

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The observations in an ANOVA model are always assumed independent. Therefore, the covari-
ance between different observations is zero. This also follows from direct calculations:

Cov(Yij, Ymk) = Cov(µ+ αi + βj + εij, µ+ αm + βk + εmk) = Cov(εij, εmk) = 0
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as the errors are assumed independent.

------------------------------------ FACIT-END ------------------------------------

Question XV.2 (28)

Testing the null hypothesis H0 : αi = 0 for i = 1, ..., 4 leads to which value of the F -statistic?

1* □ F = 44.83
σ̂2

2 □ F = 44.83
σ̂

3 □ F = 134.5
σ̂2

4 □ F = 538
σ̂

5 □ F = 538
σ̂2

6 □ Don’t know / No answer

----------------------------------- FACIT-BEGIN -----------------------------------

The degrees of freedom is (r − 1)(c− 1) = 12.

The F -statistic of the test concerning H0 is found in eq. (8-45):

F =
SS(Tr)/(k − 1)

SSE/(k − 1)(l − 1)
,

where k is the number of treatments and l is the number of blocks. We first note that

SSE

(k − 1)(l − 1)
= MSE = σ̂2

Thus

F =
134.5/(4− 1)

σ̂2
=

44.83

σ̂2
.

------------------------------------ FACIT-END ------------------------------------

Continue on page 38
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Exercise XVI

Let X be a standard normal distributed random variable, and Y1 ∼ χ2(5) and Y2 ∼ χ2(5). It
is assumed that X, Y1 and Y2 are independent.

Question XVI.1 (29)

What is the mean of

Y =
Y1

X2 + Y2

?

1* □ E[Y ] = 5
4

2 □ E[Y ] = 6
4

3 □ E[Y ] = 6
4

4 □ E[Y ] = 5
6

5 □ E[Y ] = 5
3

----------------------------------- FACIT-BEGIN -----------------------------------

Start by considering the denomiator

Y3 = X2 + Y2 = X2 +
5∑

i=1

X2
i =

6∑
i=1

X2
i ∼ χ2(6),

and then we know, from Theorem 2.96, that

F =
Y1/5

Y3/6
∼ F (ν1 = 5, ν2 = 6),

and we see that

F =
Y1/5

Y3/6

=
6

5

Y1

Y3

=
6

5
Y ⇔

Y =
5

6
F,

so

E(Y ) = E

(
5

6
F

)
=

5

6
E(F )
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From Theorem 2.101

E(F ) =
6

6− 2
=

6

4

So finally

E(Y ) = E

(
5

6
F

)
=

5

6
· 6
4
=

5

4

------------------------------------ FACIT-END ------------------------------------

Question XVI.2 (30)

What is a, if the following must hold

P

(
X√
Y1

< a

)
= 0.95 ?

1 □ a = t0.95(5)
√
4

2* □ a = t0.95(5)√
5

3 □ a = F0.95(1, 5)
√
5

4 □ a = t0.95(4)
√
5

5 □ a = F0.95(1,4)√
4

----------------------------------- FACIT-BEGIN -----------------------------------

Use Theorem 2.87 and write

P

 X√
5Y1

5

< a

 = P

 X√
Y1

5

< a
√
5

 ,

because from the Theorem we know that

X√
Y1

5

∼ t(ν).

So

P

 X√
Y1

5

< a
√
5

 = 0.95,
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means that

a
√
5 = q0.95 ⇔

a =
q0.95√

5

The answer is therefore

a =
t1−α/2(5)√

5

------------------------------------ FACIT-END ------------------------------------

The exam is finished.
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