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Motiverende eksempel: Hgjde-vaegt
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Motiverende eksempel: Hgjde-vaegt
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Motiverende eksempel: Hgjde-vaegt

##
#i#
##
##
##
##
##
##
Hi#t
##
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##
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##
##
#Hi#t
##
##
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Heights (z;) 168 161 167 179 184 166 198 187 191
Weights (y;) | 65.5 58.3 68.1 857 805 634 1026 91.4 86.7

Call:
Im(formula = y ~ x)
Residuals:

Min 1Q Median 3Q Max
-5.876 -1.451 -0.608 2.234 6.477
Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) -119.958 18.897 -6.35 0.00022 *x*x
X 1.113 0.106 10.50 5.9e-06 *x*x
Signif. codes: O 'xx*x' 0.001 'x*' 0.01 'x' 0.05 '.' 0.1 ' ' 1
Residual standard error: 3.88 on 8 degrees of freedom

Multiple R-squared: 0.932,Adjusted R-squared: 0.924
F-statistic: 110 on 1 and 8 DF, p-value: 5.87e-06

DTU Compute
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Motiverende eksempel: Hgjde-vaegt
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Oversigt

9 Linezer regressionsmodel
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Linezer regressionsmodel

Opstil en linezer regressionsmodel

@ Opstil den linezre regressionsmodel
Y = Bo + frx; + &

e Y; er den afthangige variabel (dependent variable). En stokastisk
variabel.

@ z; er en forklarende variabel (explanatory variable)

@ ¢; er afvigelsen (error). En stokastisk variabel.

og vi antager

g; er independent and identically distributed (i.i.d.) og N(0,0?)
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Linezer regressionsmodel

Model-illustration
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Mindste kvadraters metode (least squares)
Oversigt

e Mindste kvadraters metode (least squares)
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Mindste kvadraters metode (least squares)

Mindste kvadraters metode

@ Minimer variansen o2 pa afvigelsen. Det er pa naesten alle mader det
bedste valg i dette setup.

e Formelt: Minimer summen af de kvadrerede afvigelser (Residual Sum
of Squares (RSS))

RSS(Bo, 1) Zs? Z i — (Bo + Bri))?

i=1

30 og BI minimerer RSS

DTU Compute
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Mindste kvadraters metode (least squares)

lllustration af model, data og fit

8 4
® o
Bo + B2X
o
S 4
o
o
S 4
<
>
o
S -
N
€i
o -
O  data punkter

) — lineaer model
$ - —— lineaer fit

T T T T

0 1 2 3

Jan K. Mgller (jkmo@dtu.dk)

02403, Forelaesning 8

DTU Compute

Juni 2024

13 /44



Mindste kvadraters metode (least squares)

Least squares estimator

Theorem 5.4 (her for estimatorer som i eNoten)

The least squares estimators of 3y and 31 are given by

5 i (Vi = Y)(xi — 7)

1=

Sﬂ?l‘
fo =Y — fiz
— n _7)2
where S;, = > " (v — T)”. )
DTU Compute ; .
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Mindste kvadraters metode (least squares)

Least squares estimater

Theorem 5.4 (her for estimater)

The least squares estimatates of 3y and 31 are given by

B :Z?zl(yi —y)(z; — )

SZ‘Z‘
Bo =y — bz
n —
where S;, = >0 (2 — )2
v
DTU Compute ; .
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Oversigt

e Statistik og linezer regression
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Statistik og linezer regression

@ Hvordan er parameter estimaterne i en lineaer regressionsmodel fordelt
(givet normalfordelte afvigelser)?

De er normalfordelte og deres varians kan estimeres:

Theorem 5.8 (fgrste del)
2 =2 2
V[Bo] = gg
) rx
V[B] =
A A £CO'2
COU[/BOMBI] = - Sa;z

DTU Compute
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Estimater af standard afvigelserne p& 3y og 51

Theorem 5.8 (anden del)

Where o2 is usually replaced by its estimate (62). The central estimator for
2 .
o’ is

52 RSS (6o, $1) _ S e

n—2 n—2

When the estimate of 2 is used the variances also become estimates and

we'll refer to them as &%0 and &%l.

Estimat af standard afvigelserne for 3y og 31 (ligningerne (5-73))

. /1 N 72 . . 1
0, =0\ —+—=—: 08 =0, —=—"7—"—=
o n o Sy o Z?:l(xi —z)?
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Hypotesetests og konfidensintervaller for 3g og 31

Oversigt

e Hypotesetests og konfidensintervaller for Bo og B1
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Hypotesetests og konfidensintervaller for 3y og 81

Hypotesetests for parameter estimaterne

@ Vi kan alts& udfgre hypotesetests for parameter estimater i en lineaer
regressionsmodel:

Ho;: B = Bos
Hy;: B # Bog
@ Vi bruger de t-fordelte test stgrrelser:
Theorem 5.12
Under the null-hypothesis (8o = Bo,0 and 81 = Bo,1) the statistics
Ty, = Bo - ﬁo,o; Ty = 51 Bo, L
03 Uﬁl

are t-distributed with n — 2 degrees of freedom, and inference should be based on
this distribution.

v
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Hypotesetests og konfidensintervaller for j%() og B1

Konfidensintervaller for parametrene

Method 5.15

(1 — «) confidence intervals for 5y and /3, are given by
Bo L+ t1—as2 05,
Bl & tl—a/2 a-,B1

where t;_ /5 is the (1 — a/2)-quantile of a t-distribution with n — 2
degrees of freedom.

e husk at 63, og 6, findes ved ligningerne (5-74)

@ i R kan 6, og 6, afleeses ved "Std. Error" ved "summary(fit)"
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Konfidensinterval og prasdiktionsinterval
Oversigt

e Konfidensinterval og praediktionsinterval
@ Konfidensinterval for linien
@ Pradiktionsinterval
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Seorpenalieling
Method 5.18: Konfidensinterval for 5y + (129

o Konfidensinterval for 3y + B1xg svarer til et konfidensinterval for linien
i punktet xg

@ Beregnes med

(z0 — 7)*

A A 1
+ ol =
(Bo + Brzo) £ tay -0 ~+ 5

e Konfidensintervallet vil i 100(1 — )% af gangene indeholde den
rigtige linie, altsd 5y + S1xo
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Zillaclaa
Method 5.18: Pradiktionsinterval for 8y + B¢ + ¢

e Pradiktionsintervallet (prediction interval) for Y{, beregnes med en
vaerdi g

@ Dette ggres far Yy observeres med

3 + 8 . 1 _7)2
(»3o+51x0)ita/2.0\/1+n+(xosx)

e Pradiktionsintervallet vil 100(1 — «)% af gangene indeholde den
observerede

o Et pradiktionsinterval bliver altsd stgrre end et konfidensinterval for
fastholdt «

DTU Compute

Jan K. Mgller (jkmo@dtu.dk) 02403, Forelaesning 8 Juni 2024 24 /44



Konfidensinterval og praediktionsinterval Przediktionsinterval

Eksempel med konfidensinterval for linien

3
8 1
°
8
xval <- seq(from=-2, to=6, length.out=100)
8 4
CI <- predict(fit, newdata=data.frame(x=xval), ¥
interval="confidence",
level=.95) 3
3
8
head (CI)
o
plot(x, y, pch=20)
abline(fit) 3
lines(xval, CI[, "lwr"], lty=2, col="red", lwd=2) T

lines(xval, CI[, "upr"], 1lty=2, col="red", lwd=2)
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Konfidensinterval og praed nsinterval Przediktionsinterval

Eksempel med pradiktionsinterval

3

8

S

8 1
xval <- seq(from=-2, to=6, length.out=100)

8 4
PI <- predict(fit, newdata=data.frame(x=xval), ¥
interval="prediction",

>

level=.95)

3

81
head (PI)

o 4
plot(x, y, pch=20)
abline(fit) 3
lines(xval, PI[, "lwr"], 1ty=2, col="blue", lwd=2) T

lines(xval, PI[, "upr"l, lty=2, col="blue", lwd=2)
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Linear regression: matrix formul

Oversigt

e Linear regression: matrix formuleringen

DTU Compute

Jan K. Mgller (jkmo@dtu.dk) 02403, Forelaesning 8 Juni 2024 27 /44



Linear regression: matrix formuleringen

Matrix formulering

The simple linear regression problem can be formulated in vector-matrix

notation as
Y =X +¢
or
Y1 1 X1 €1
s [50] I
I . 51 . ’
Y, 1 =z, €n

RSS in matrix-vector notation

e ~ N(0,0%1)

e ~ N(0,0?)

RSS =e'e= (Y - XB)T(Y — XB)
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Linear regression: matrix formuleringen

Matrix formulering: Parameter estimater

The estimators of the parameters in the simple linear regression model are
given by

B=XTx)'xTy (1)

and the covariance matrix of the estimates is

V8] =o*(XTX)™! (2)
and central estimate for the residual variance is
o RSS
6% = (3)
n—2
02403, Forelzesning 8 Juni 2024  29/44
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e Korrelation
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Korrelation

Hvad bliver mere skrevet ud af summary?

summary (fit)

#it

## Call:

## 1lm(formula = y
#Hi#

## Residuals:

## Min 1Q Median 3Q Max

## -119.70 -23.74 -4.15 22.44 172.64

it

## Coefficients:

#it Estimate Std. Error t value Pr(>|t|)

## (Intercept) 68.2 17.5 3.9 0.001 *x*

## x 182.6 11.4 16.0 4.2e-12 **x

HH# -

## Signif. codes: 0O 'x*x' 0.001 'x*' 0.01 'x' 0.05 '.' 0.1 ' ' 1
#Hi

## Residual standard error: 67.4 on 18 degrees of freedom

## Multiple R-squared: 0.935,Adjusted R-squared: 0.931

## F-statistic: 257 on 1 and 18 DF, p-value: 4.17e-12

x)

DTU Compute
D P
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Korrelation

summary(Im(y~x)) wrap up

@ Residuals: Min 1Q Median 3Q Max:
Residualernes: Minimum, 1. kvartil, Median, 3. kvartil, Maximum

@ Coefficients:
Estimate Std. Error t value Pr(>|t|) "stjerner"

Koefficienternes:
Estimat G, tobs p-vardi

o Testen er HO,i : B’i =0 vs. Hl,i : B’i ;é 0

@ Residual standard error: XXX on XXX degrees of freedom
g; ~ N(0,0%) udskrevet er 6 og v frihedsgrader (brug til hypotesetesten)

@ Multiple R-squared: XXX
Forklaret varians r2

@ Resten bruger vi ikke i det her kursus

DTU Compute
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Korrelation

Forklaret varians og korrelation

o Forklaret varians af en model er 2, i summary "Multiple R-squared"

o Beregnes med

Ez(yi - i)2

2 ; (7
rr=1- =075
Zi(yi —y)2

hvor ; = Bo + B

@ Andel af den totale varians der er forklaret med modellen

DTU Compute
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Korrelation

Forklaret varians og korrelation

o Korrelationen p er et mal for lineeer sammenhaeng mellem to
stokastiske variable

@ Estimeret (i.e. empirisk) korrelation
p=r=Vrsgn(p)

hvor sgn(ﬁl) er: —1 for Bl <0og1 for ﬁl >0

o Altsa:

e Positiv korrelation ved positiv haldning
o Negativ korrelation ved negativ hzldning

DTU Compute
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Korrelation

Test for signifikant korrelation

@ Test for signifikant korrelation (linezer ssmmenhang) mellem to

variable
Hy:p=0
Hi :p#0
er xkvivalent med
H(] : 61 =0
Hy:p1#0

hvor (31 er estimatet af haldningen i simpel linezer regressionsmodel
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Residual Analyse: Model control
Oversigt

e Residual Analyse: Model control
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Residual Analysis

Method 5.28
@ Check normality assumption with qg-plot.

@ Check (non)systematic behavior by plotting the residuals e; as a
function of fitted values j;
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Residual Analysis in R

fit <- 1Im(y ~ x)

par (mfrow = c(1, 2))

qgnorm(fit$residuals)
plot(fit$fitted, fit$residuals)

Sample Quantiles

Normal Q-Q Plot
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Residual Analyse: Model control

Residual Analyse - Normal antagelsen

Transformer data
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Residual Analyse: Model control

Residual Analyse - Systematiske effekter

Transformer

Ikke modellerede
effekter

OK
w|, Tt
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Residual Analyse - uafhaengighedsantagelsen

For tidsraekke data bgr uafhangigheds antagelsen ogsd tjekkes, to simple

tjek er
@ Plot ¢; vs. ¢;,_1

e Udregn cor(e;, €;—1)

OK Not OK
. . % ® .
.
L[] . ° ° . o o L]
. ° % -.'. . ] .‘o. * ..
_ . . o: ° ... . ® . . ...‘t. 0, .
w . ® ° ®S$.° e °
° R . . e 0"
oo o . ° C e Loptd .
oo, ° ° o.. * S .J : o
. . . . . o &7, - -
. . s LY LA
o o [ ° .
. . S o
. . * o °
[) . ° . L4 f ]
Seet e o ' .
. . ® e o . d
8| -1 DTU Compute
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@ skive ford
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Modellering af phytoplankton

Formuler en linezer model for phytoplankton i Skive fjord, estimer
modellens parametre og foretag modelkontrol.
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