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Oversigt

e Intro eksempel
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Intro eksempel

Motiverende eksempel - sovemedicin

Forskel pa sovemedicin?

| et studie er man interesseret i at sammenligne 2 sovemidler A og B. For
10 testpersoner har man faet fglgende resultater, der er givet i forlenget

sgvntid (i timer) (Forskellen p& effekten af de to midler er angivet):

person A B|D=B-A
Stikprgve, n = 10: 1 +0.7 +1.9 +1.2
2 -1.6 +0.8 +2.4

3 -0.2 411 +1.3

4 -1.2 +40.1 +1.3

5 -1.0 -0.1 +0.9

6 +3.4 444 +1.0

7 +3.7 455 +1.8

8 +0.8 +1.6 +0.8

9 0.0 +4.56 +4.6
10 +2.0 434 +1.4

v
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Intro eksempel

Parret setup og analyse = one-sample analyse

x1=c(.7,-1.6,-.2,-1.2,-1,3.4,3.7,.8,0,2)
x2=c(1.9,.8,1.1,.1,-.1,4.4,5.5,1.6,4.6,3.4)
dif=x2-x1

t.test (dif)

##

## One Sample t-test

##

## data: dif

## t = 4.67, df = 9, p-value = 0.0012
## alternative hypothesis: true mean is not equal to O
## 95 percent confidence interval:

## 0.86133 2.47867

## sample estimates:

## mean of x

## 1.67
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Intro eksempel

Parret setup og analyse = one-sample analyse

##
##
#H#t
#i#
##
##
#H#
Ht
Hit
##
##

.test(x2, x1, paired=TRUE)

Paired t-test

data: x2 and x1

t = 4.67, df = 9, p-value = 0.0012

alternative hypothesis: true difference in means is not equal to
95 percent confidence interval:

0.86133 2.47867

sample estimates:
mean of the differences

1.67
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Intro eksempel

Tovejs variansanalyse - eksempel

@ Samme data som for envejs, dog ved vi nu at forsgget var inddelt i

blokke
Gruppe A | Gruppe B | Gruppe C

Blok 1 2.8 5.5 5.8
Blok 2 3.6 6.3 8.3
Blok 3 3.4 6.1 6.9
Blok 4 2.3 5.7 6.1

e dvs. tre grupper pé fire blokke

o el. tre behandlinger pé fire personer

o el. tre afgrgder pa fire marker (deraf blokke)

o el. lign.

@ Envejs vs. tovejs ANOVA

o Completely randomized design vs. Randomized block design
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Intro eksempel

Tovejs variansanalyse - eksempel

@ Samme data som for envejs, dog ved vi nu at forsgget var udfgrt pa

fire blokke (personer)

Behandling A | Behandling B | Behandling C
Blok 1 2.8 5.5 5.8
Blok 2 3.6 6.3 8.3
Blok 3 34 6.1 6.9
Blok 4 2.3 5.7 6.1

@ Besvar:

Er der signifikant forskel (i middel) p& grupperne A, B og C?

e Variansanalyse (ANOVA) kan anvendes til analysen safremt
observationerne i hver gruppe kan antages at vaere normalfordelte (dog
med mange samples dakker CLT)
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Intro eksempel

y <- c(2.

o o N
® o1 0
® o W
w w o
D o w

treatm <- factor(c(i, 1, 1, 1
2y Ay Ay 2
3, 3, 3

(k <- length(unique(treatm)))
## [1] 3
(1 <- length(unique(block)))

## [1] 4
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Oversigt

e Model
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Tovejs variansanalyse, model

@ Opstil en model
Yi; :M—i—ai—i-ﬁj + €5, € NN(O,UZ)

hvor afvigelsen
eij ~ N(0,0%) og i.i.d.

1 er middelveerdi for alle malinger
a; angiver effekt for behandling ¢
B; angiver niveau for blok ¢

der er k behandlinger og [ blokke
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Estimater af parametrene i modellen

Vi kan beregne estimater af parametrene (/i og &;, og BJ)

)

K).>
Il
VR
| =

g>
—] =
i M?r i MN ?T‘,_
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(muHat <- mean(y))

## [1] 5.2333

(alphaHat <- tapply(y, treatm, mean) - muHat)

#it 1 2 3
## -2.20833 0.66667 1.54167

(betaHat <- tapply(y, block, mean) - muHat)

#it 1 2 8 4
## -0.53333 0.83333 0.23333 -0.53333
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Beregning - variationsopspaltning og ANOVA tabellen

Oversigt

e Beregning - variationsopspaltning og ANOVA tabellen
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Beregning - variationsopspaltning og ANOVA tabellen

Tovejs variansanalyse, opspaltning og ANOVA tabellen

Med modellen

Yij=p+ai+ 6 +ej, e~ N7

@ kan den totale variation i data opspaltes:

SST = SS(Tr) + SS(Bl) + SSE

"Tovejs’ hentyder til, at der er to faktorer i forsgget

Metoden kaldes variansanalyse, fordi testningen foregar ved at
sammenligne varianser
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Beregning - variationsopspaltning og ANOVA tabellen

Formler for kvadratafvigelsessummer

o Kvadratafvigelsessum ("den totale varians") (samme som for envejs)
ko1
SST =33 sy - i
i=1 j=1

e Kvadratafvigelsessum for behandling ("Varians forklaret af
behandlingdel af modellen")

k
SS(Tr)=1-> &
=1
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Beregning - variationsopspaltning og ANOVA tabellen

Formler for kvadratafvigelsessummer

e Kvadratafvigelsessum for blokke (personer) ("Varians forklaret af
blokdel af modellen")

l
SS(Bl)=k-»_j
j=1

item Kvadratafvigelsessum af residualer ("Varians tilbage efter model")

k1

SSE =" (yij — & — B — b)?
1

i=1 j=
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Oversigt

e Hypotesetest (F-test)
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Tovejs ANOVA: hypotese om forskellig effekt af behandling

@ Vi vil nu sammenligne (flere end to) middelvaerdier i 4 «; i modellen
Yij=p+oi+ B+ ey, €5~ N(0,0%)
@ Opstil hypotesen
Horr: a; =0 foralles
Hirr: o5 #0 for mindst et g
e Under Hy 1, fglger

~ SS(Tr)/(k—1)
- SSE/((k—1)(1-1))

FT’!‘

en F-distribution med k£ — 1 og (kK — 1)(I — 1) frihedsgrader
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Hypotesetest (F-test)

Tovejs ANOVA: hypotese om forskelligt niveau for personer
(blokke)

@ Vi vil nu sammenligne (flere end to) middelvaerdier p + ; i modellen
Vij=p+ai+ B +eij,  ej~ N(0,07)
@ Opstil hypotesen
Hopi: Bi=0 forallei
Hyp : Bi#0 for mindst et ¢
e Under Hy p, fglger

_ 8S8(BI)/(1-1)
T SSE/(k—1)(—1))

en F-distribution med [ — 1 og (k — 1)(I — 1) frihedsgrader
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F-fordeling og hypotese for behandlinger

HARAAARRRRRRRRRRRRAAAAAARRRRRRRS
## Plot F fordeling og se kritisk verd: for behandlinger

## Husk, dette er under HO (altsd vi regner som om HO er sand):
## Sekvens til plot

xseq <- seq(0, 10, by=0.1)

## Plot F fordelingens tethedsfunktion

plot(xseq, df(xseq, dfi=k-1, df2=(k-1)*(1-1)), type="1")
## Kritisk verd: for signtfikans niveau 5 pct.
cr <- qf(0.95, dfi=k-1, df2=(k-1)*(1-1))

## Tegn den 72 plottet

abline(v=cr, col="red")

## Test statistikkens verdi:

## Verdien

(Ftr <- (SSTr/(k-1)) / (SSE/((k-1)*(1-1))))

## p-verdien er da

(1 - pf(Ftr, dfi=k-1, df2=(k-1)*(1-1)))
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F-fordeling og hypotese for blokke

HARRRRRRRRRRRRRAAAAAARRRRRRRHHHH
## Plot F fordeling og se kritisk verdi for blokke

## Husk, dette er under HO (altsd vi regner som om HO er sand):
## Sekvens til plot

xseq <- seq(0, 10, by=0.1)

## Plot F fordelingens tethedsfunktion

plot(xseq, df(xseq, dfi=1-1, df2=(k-1)*(1-1)), type="1")
## Kritisk verdi for signifikans niveau 5 pct.

cr <- qf(0.95, dfi1=1-1, df2=(k-1)*(1-1))

## Tegn den 7 plottet

abline(v=cr, col="red")

## Test statistikkens verd::

## Verdien

(Fbl <- (SSB1/(1-1)) / (SSE/((k-1)*(1-1))))

## p-verdien er da

(1 - pf(Fbl, df1=1-1, df2=(k-1)*(1-1)))
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Hypotesetest (F-test)

Variansanalysetabel

Variations- | Friheds- Kvadrat- Gns. kvadratafv. Test- p-
kilde grader afvi. sum | sum stgrrelse F’ vaerdi
Source of Deg. of Sums of Mean sum of Test- p-
variation freedom squares squares statistic F' value
Behandling | k — 1 §s(Tr) | MS(1r) = FI | pr, = YU 1 pp sy
B MS(B
Block -1 SS(Bl) | MS(Bl) = %El” Fo = M0 pp s Py
Residual (k—1)(1—1) | SSE MSE = (kjfﬁ
Total n—1 SST
anova(lm(y ~ treatm + block))
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Oversigt

e Post hoc sammenligninger
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Post hoc sammenligninger

Post hoc konfidensinterval

e Som ved envejs, skift (n — k) frihedsgrader ud med (k —1)(1 — 1) (og
brug MSE fra tovejs).

@ Ggres med enten behandlinger eller blokke

@ En enkelt forudplanlagt sammenligning af forskelle p& behandling 7 og
j findes ved

1 1
Yi — Y tl—a/2\/MSE ( + ) =y —y; £ LSD
n; n;
hvor t1_, /o er fra t-fordelingen med (k — 1)(I — 1) frihedsgrader og
LSD star for "Least Significant Distance”.

@ Hvis alle kombinationer af parvise konfidensintervaller brug formlen M
gange, men med QBonferroni = /M
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Post hoc sammenligninger

Post hoc parvis hypotesetest

@ In enkelt forudplanlagt hypotesetest p& « signifikansniveau om forskel
af behandling i og j

Ho: pi=pj, Hi: opi # py
udfgres ved

(1)

b — Yi — Yj
obs —
\/MSE (£ +%)

p — value = 2P(t > |tops|)

og
hvor t-fordelingen med (k — 1)(I — 1) frihedsgrader anvendes

@ Hvis alle M = k(k — 1)/2 kombinationer af hypotesetests: korrigeret
signifikans niveau agonferroni = /M
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Oversigt

e Model kontrol

DTU Compute

Jan K. Mgller (jkmo@dtu.dk) 02403, Forelaesning 12 Juni 2023 27 /39



Model kontrol

Varians homogenitet

Se p3 box-plot om spredning af residualer ser ud til at afhaenge af gruppen

fit <- 1lm(y ~ treatm + block)

par (mfrow=c(1,2))
plot(treatm, fit$residuals, y, xlab="Treatment")

plot(block, fit$residuals, xlab="Block")
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Model kontrol

Normalfordelingsantagelse

Se p& qg-normal plot

qqnorm(fit$residuals)
qqline(fit$residuals)

require (MESS)
qquwrap <- function(x, y, ...) {qgnorm(y, main="",...);
qqline(y)}

wallyplot(fit$residuals, FUN = qqwrap)
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Oversigt

e Eksempel: Skive Fjord
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Eksempel: Skive Fjord

@ Undersgg om der er forskel pd vandtemperaturen i forskellige &r

@ Undersgg om der er forskel p& algekoncentrationen i forskellige &r
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Oversigt

e Den generelle linezere model
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Den generelle linea=re model

The general linear model - intro

@ The classical GLM leads to a unique way of describing the variations
of experiments with a continuous variable.
@ The classical GLM's include

o Regression analysis
e Analysis of variance - ANOVA
e Analysis of covariance - ANCOVA

@ The residuals are assumed to follow a multivariate normal distribution
in the classical GLM.
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Den generelle linezre model

The general linear model - intro

e Classical GLM's are naturally studied in the framework of the
multivariate normal distribution.

@ We will consider the set of n observations as a sample from a
n-dimensional normal distribution.

@ Under the normal distribution model, maximum-likelihood estimation
of mean value parameters may be interpreted geometrically as
projection on an appropriate subspace.

DTU Compute

Jan K. Mgller (jkmo@dtu.dk) 02403, Forelaesning 12 Juni 2023 34 /39



Den generelle linea=re model

General Linear Model

@ A general linear model is:

Y ~ N,(X83,0%1)

Example (Two-way ANOVA):

By By Bs
A oy Y12 Y13
Ay yo1 Y22 Y23
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Two way ANOVA (the model):

Yij = g+ + B +eiy, ey~ iid N0,6%), i=1,2, j=1,23.

An expanded view of this model is:

yin=p + ap + 31 +en
Y21 = [ +ar + B1 + e
Yyi2=p + a1 + B2 + €12
Yoo = [ + s + B2 + €20
Y3 =pn + o + B3 +e13
Y23 = [ + as + B3 + €23

The exact same in matrix notation (though not identifiable):

Y1 110100 I €11
Y21 1 01 100 a1 €21
Y12 . 1 1.0 0 10 a €19
y2 | =] 101010 Br | T ex
Y13 1 100 01 5o €13
Y23 101 0 01 53 €23
SN——— ~- —_—— S——
y X B €

DTU Compute
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The default in R would be

Y11 1 0 0 O €11
Y21 1100 % €21
Y12 . 1 01 O aQ + €12
Y22 1110 B2 €22
Y13 1 0 0 1 B3 €13
Y23 1 1 0 1 N~— €23
~ B N—
y X €

@ y is the vector of all observations
e X is known as the design matrix

@ (3 is the vector of parameters
@ ¢ is a vector of independent N(0,0?) “measurement noise”
The vector € is said to follow a multivariate normal distribution
e Mean vector 0
o Covariance matrix 021
o Written as: € ~ N(0,0°1)
e y = X3 + ¢ specifies the model, and everything can be calculated
from y and X. —
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Den generelle linezre model

Construction of the design matrix

In a general linear model (with both factors and covariates), it is
surprisingly easy to construct the design matrix X.
@ For each factor: Add one column for each level, with ones in the rows

where the corresponding observation is from that level, and zeros
otherwise.

@ For each covariate: Add one column with the measurements of the
covariate.

@ Remove linear dependencies (if necessary)
Example: linear regression:
yi=a+f-xite

In matrix notation:

1 T
1 ) 1%
1z,

DTU Compute
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